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To Antara and Nandana 


with the hope that when they grow up 
they will find less of it no matter 
how they decide to measure it 


Preface 


The idea of inequality is both very simple and very complex. 
‘At one level it is the simplest of all ideas and has moved people 
with an immediate appeal hardly matched by any other con- 
cept. At another level, however, it is an exceedingly complex 
notion which makes statements on inequality highly problem- 
atic, and it has been, therefore, the subject of much research 
by philosophers, statisticians, political theorists, sociologists 
and economists. While this book is concerned with economic 
inequality only, the presentation reflects this duality. I have 
had to employ a fair number of technical concepts and use 
some mathematical operations, but the concepts have also 
been explained in non-technical terms and the mathematical 
results have been given intuitive explanation. It is hoped that 
the non-technical reader will not be put off by the formalities. 
The importance of the formal results lies ultimately in their 
relevance to normal communication and to things that people 
argue about and fight for. 

While the technical and non-technical sections have not 
been put into separate compartments, it should be possible for 
someone not interested in technicalities to skip (or skim 
through) the formal sections and to go directly from the 
intuitive presentation of the axioms to the intuitive explana- 
tion of the results. The section headings used throughout the 
book should help the reader in this sorting out. 

In many ways this book is a development of some ideas I 
studied in my Collective Choice and Social Welfare.? The frame- 
work of thought presented there I have tried to apply here to 
the specific field of economic inequality. The approaches to 
social evaluation that I rejected then, I reject more strongly 
now, and what I defended in that work, I have tried to develop 

1 See Bernard Williams, “The Idea of Equality’, in P. Laslett and W. G. 
Rapamen, Philosophy, Politics and Society, Second Series, Blackwell, 

xford. 


2 Holden-Day, San Francisco, 1970, and Oliver & Boyd, Edinburgh, 
1971, Mathematical Economics Texts, No. 5. 
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more fully in this one in the particular context of inequality. 
No apologies for that, but I ought to put my cards on the 
table. 

T owe debts to many. While preparing the Radcliffe Lec- 
tures, I was working with Partha Dasgupta and David 
Starrett on a joint paper on the measurement of economic 
inequality.? I am grateful to them not only because I have 
incorporated into the lectures some results from our joint 
paper (in particular, Theorems 3.1 and 3.2), but also because 
T have learnt a great deal from them and I have used that 
knowledge quite freely. 

The Radcliffe Lectures, which were delivered last May, 
were informally presented, and in the discussions that followed 
Thave gained much. I should particularly mention the search- 
ing questions raised by David Epstein, John Muellbauer, 
Graham Pyatt and John Williamson. In revising the lectures 
for this book, I have expanded some sections, incorporating 
not merely those things that I could not put into the lectures 
because of shortage of time or because of stylistic limitations 
(footnotes sound nasty in a lecture), but also some additional 
bits which are essentially responses to the queries raised. I 


have also benefited from discussions following my lectures on 
related topics at Essex University (Economics Department 
Seminar, January 1 972), Columbia Univ. 

of Economics and P} 
Harvard University (Political Econom 
the DelhiSchool of BE: i 


August 1972). lam 
han, Nikhiles Bhat: 


and criticisms. This ig a long list, and 
others, 

For astonishingly skilful typ 
my impossible writing, I am ve: 
Luba Mumford. 


3 ‘Notes on the Measurement of Inequality’, forthcoming in the Journal 
of Economic Theory, 


ing against the heavy odds of 
TY grateful to Celia Turner and 
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Finally I am most grateful to the University of Warwick, 

and in particular to Professor Graham Pyatt, for the honour 

of an invitation to deliver the Radcliffe Lectures for this year. 

London School of Economics A.KS. 
November, 1972 
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Welfare Economics, 
Utilitarianism, and Equity 


‘Or all human sciences the most useful and most imperfect 
appears to me to be that of mankind: and I will venture to say 
the single inscription on the Temple of Delphi’ contained a 
precept more important and more difficult than is to be found 
in all the huge volumes that moralists have ever written.’ 
Thus wrote Jean Jacques Rousseau in the Preface to his A 
Dissertation on the Origin and Foundation of the Inequality of 
Mankind, dedicated to the Republic of Geneva on the 12th of 
June 1754. While the essay, alas, failed to qualify for the prize 
of the Dijon Academy for which it was considered (and which 
his less rebellious earlier piece on ‘arts and sciences’ had 
received in 1750), the ideas contained in it did help to crystalize 
the demands that gripped the revolution of 1789. 

The relation between inequality and rebellion is indeed a 
close one, and it runs both ways. That a perceived sense of 
inequity is a common ingredient of rebellion in societies is 
clear enough, but it is also important to recognize that the per- 
ception of inequity, and indeed the content of that elusive 
concept, depend substantially on possibilities of actual rebel- 
lion. The Athenian intellectuais discussing equality did not 
find it particularly obnoxious to leave out the slaves from the 
orbit of discourse, and one reason why they could do it was 
because they could get away with it. The concepts of equity 
and justice have changed remarkably over history, and as the 
intolerance of stratification and differentiation has grown, the 


1 The Delphic injunction, it may be recalled, was the somewhat severe 
advice: ‘Know thyself!’ 
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very concept of inequality has gone through radical trans- 
formation. 

In these lectures I am concerned with economic inequality 
only, and that again in a specific context,? but I should argue 
that the historical nature of the notion of inequality is worth 
bearing in mind before going into an analysis of economic 
inequality as it is viewed by economists today. Ultimately the 
relevance of our ideas on this subject must be judged by their 


ability to relate to the economic and political preoccupations 
of our times. 


Objective and normative features 


The main focus of these lectures will be on the problem of the 
measurement of inequality of income distribution in aggre- 
gative terms, though I shall try to go into some of the policy 
issues, especially in the context of the socialist economy. On 
the question of the measurement of inequality, we might 


‘e are meas- 
me objective 
e of relative 


the former approach, so that one 

‘seeing’ more or less inequality, 

less in ethical terms, In the secon 

to be an objective notion and thi 
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This methodological point essentially reflects the dual 
nature of our conception of inequality. There is, obviously, an 
objective element in this notion; a fifty-fifty division of a cake 
between two persons is clearly more equal in some straight- 
forward sense than giving all to one and none to the other. On 
the other hand, in some complex problems of comparing 
alternative income distributions among a large number of 
people, it becomes very difficult to speak of inequality in a 
purely objective way, and the measurement of the inequality 
level could be intractable without bringing in some ethical 
concepts. 

Which of the two approaches it would be correct to pursue 
is not an easy question to answer, and the two approaches in 
terms of their practical use would not be all that different 
from each other. Even if we take inequality as an objective 
notion, our interest in its measurement must relate to our 
normative concern with it, and in judging the relative merits 
of different objective measures of inequality, it would indeed 
be relevant to introduce normative considerations. At the 
same time, even if we take a normative view of the measures 
of income inequality, this is not necessarily meant to catch the 
totality of our ethical evaluation. It would presumably aim to 
express one particular aspect of the normative comparison, 
and which particular aspect will depend on the objective 
features of the inequality problem. To say that ‘x involves less 
inequality than y’, even if meant to be a normative statement, 
will not imply an unqualified recommendation to choose x 
rather than y, but would presumably be combined with other 
considerations (e.g., those involving total income and such 
features) to arrive at an overall judgement.> In one way or 
another, usable measures of inequality must combine factual 
features with normative ones. 


Types of measurement 
A second methodological issue concerns the type of measure- 
ment that is being sought. Various degrees of measurement 


_ ° In terms of the classification of value judgements used in Sen (1967), 
inequality judgements are non-compulsive evaluative judgements. 
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are conceivable. The strictest type of measure is a ratio-scale 
like weight or height, in which it makes sense to say that one 
object weighs twice as much as another (and it does not matter 
whether we measure it in kilogrammes or pounds). A some- 
what looser measure is that of an interval-scale, in which ratios 
make no sense but the ratios of differences do. The gap between 
100° Centigrade and 90° Centigrade is recorded as twice that 
between 90°C and 85°C no matter whether we express these 
temperatures in Centigrade or in Fahrenheit (in which they 
correspond respectively to 212°F, 194°F and 185°F), but the 
ratio of the temperatures themselves will vary according to 
the scale chosen. 

This interval-scale measure is usually referred to in utility 
theory as ‘cardinal’, and if a set of numbers x represents the 
utilities of different 
of these numbers such as ¥=a-+ bz, withb > 0, can also be 


used.° A looser measure than'this corresponds to what is called 
an ‘ordinal’ scale in utilit 


tonic transformation will do as well, e.g. 
1, 2, 3, 4 can be replaced by 100, 101, 179, 999 


rmatives is presented, e.g., a set of four 
may be ranked as Xz highest, 
last. This kind of an ordering 
cific properties, viz., complete- 


refer to this as x y. The property 
if we take any three alternatives 


° For example, if F is the temperature in the F hi i 
that in the Centigrade seale, we h ae ee 
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hold, then so does Rz. It might appear that an ordering can 
be easily converted into an ‘ordinal’ numerical measure, and 
this is indeed so for a finite set of alternatives, but is not 
invariably possible for an infinite set.” In fact, an ordering is a 
weaker requirement than the existence of an ordinal numerical 
representation. 


Quasi-orderings and inequality judgements 

A still weaker measure would be a case where the ranking 
relation R is not necessarily complete, i.e., not all pairs are 
rankable vis-d-vis each other. Ifa relation like this is transitive 
but not necessarily complete, it is called a quasi-ordering. 
Another case also weaker than an ordering is one where the 
ranking relation is complete but not necessarily transitive, of 
which a special case is one where the strict preference is 
transitive but indifference is not so.® 

Most statistical measures of the inequality level assume a 
high degree of measurement, usually a ratio-scale or at least 
an interval-scale. This is true not only of the so-called objective 
measures, but also of normative evaluation (see Chapter 2). It 
is, however, possible to argue that the implicit notion of 
inequality that we carry in our mind is, in fact, much less 
precise and may correspond to an incomplete quasi-ordering. 
We may not indeed be able to decide whether one distribution 
x is more or less unequal than another, but we may be able to 
compare some other pairs perfectly well. The notion of inequal- 
ity has many aspects, and a coincidence of them may permit 
a clear ranking, but when these different aspects conflict an 
incomplete ranking may emerge. There are reasons to believo 
that our idea of inequality as a ranking relation may indeed 
be inherently incomplete. If so, to find a measure of inequality 
that involves a complete ordering may produce artificial prob- 
lems, because a measure can hardly be more precise than the 


7 The problem arises from not necessarily having a sufficient stock of 
real numbers to give each alternative an appropriate number in special 
cases such as lexicographic orderings over a many-dimensional real space. 
On this see Debreu (1959), Chapter 4. 

® Seo Fishburn (1970), Sen (1970), and Pattanaik (1971). 
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concept it represents. It will be argued in Chapter 3 that this 
might well account for some of the difficulties with the stan- 
dard measures of inequality. 

In this context it is perhaps worth saying that the historical 
connection between the notion of inequality and discontent— 
and more so rebellion—suggests that the need is for a measure 
that comes into its own with sharp contrasts, even though it 
may not provide a scale sensitive enough to order finely 
distinguished distributions. The unfortunate fact is that in 
putting up a scale of measurement or ranking, the economist’s 
and the statistician’s inclination is to look for an ordering 
complete in all respects, so that the translation of the notion of 
inequality from the sphere of political debate, which gives the 
notion its importance, to the sphere of well-defined economic 
representation may tend to confuse the mathematical proper- 
ties of the underlying concept. Indeed inequality measure- 
ment is by no means the only field of economic analysis in 


which the predisposition towards a complete ordering has 
proved to be a major liability. 


groups, or classes), 
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makes no one worse off and someone better off. A situation is 
Pareto optimal if there exists no other attainable situation 
such that a move to it would be a Pareto-improvement. That 
is, Pareto optimality only guarantees that no changeis possible 
such that someone would become better off without making 
anyone worse off. If the lot of the poor cannot be made any 
better without cutting into the affluence of the rich, the situa- 
tion would be Pareto optimal despite the disparity between the 
rich and the poor. 

Suppose we are considering the division ofa cake. Assuming 
that each person prefers to have more of the cake rather than 
less of it, every possible distribution will be Pareto optimal, 
because any change that makes someone better off is going 
to make someone else worse off. Since the only issue in this 
problem is that of distribution, Pareto optimality has no cut- 
ting power at all. The almost single-minded concern of modern 
welfare economics with Parcto optimality does not make that 
engaging branch of study particularly suitable for investigat- 
ing problems of inequality. 


Social welfare functions 


At a more general level, however, there has been quite a bit 
of discussion in recent yearson distributional judgements going 
beyond Pareto optimality, and indeed the famous Bergson— 
Samuelson social welfare function was partly motivated by 
the recognition that policy decisions in economics would 
require the economist to go beyond Pareto optimality. In its 
most general form the Bergson-Samuelson social welfare func- 
tion is any ordering of the set of alternative social states. If 
X is the set of social states, then a Bergson-Samuelson social 
welfare function is an ordering R defined over the entire x. 
In numerical terms it was conceived of as a functional relation 
W that specifies a welfare value TV (x) for each social state x 
belonging to the set X. The measure of W has been usually 
taken to be ‘ordinal’. 

While this is the most general conception of the social wel- 
fare function, something more has to be said about the nature 
of thefunction HW (x) to get someresults of practical importance 
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out of this concept. A favourite assumption has been that 
the social welfare function is ‘individualistic’ in the sense of 
making social welfare W a function of individual utilities, i.e., 
W(x) = F(U,(x), .. +» U,(«)), where U, stands for the 
utility function of individual i, for i = 1,. . .,7.10 Further, 
assuming that W increases with any U; given the set of utilities 
of all other individuals, Pareto optimality can be built into the 


justly celebrated theorem, Arrow (1951) has shown that a set 
of extremely mild- i icti imi 


of having any such functional relat; 


10 See, for example, Bergson (1938), 
Lange, however, Seems to have thou, 
based ‘directly [on] the distri 
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has produced much awe, some belligerence, and an astounding 
amount of specialized energy devoted to finding an escape 
route from the dilemma. Instead I wish to present a theorem 
which does not rule out all functional relations f but only those 
that express any distributional judgements whatsoever, there- 
by ruling out any meaningful discussion of inequality within 
the logical framework of this model. The object of presenting 
and discussing this result is to clarify a basic weakness of the 
approach in handling problems of distribution and inequality. 


A result concerning distributional judgements 


Given Arrow’s ‘impossibility’ result, it is clear that the 
system needs some give. This we provide by relaxing the 
requirement that social preference R be an ordering, in 
particular the requirement that R be ‘transitive’ (i.e., that 
xRy and yRz should imply xz). Instead we demand only that 
the strict preference relation P be transitive (without indif- 
ference being necessarily transitive). We continue to require 
that R should be ‘complete’, i.e., either x is regarded as at 
least as good as y, or y regarded as at least as good as (or both, 
in which case indifference holds), and of course that R should 
be ‘reflexive’, which is the entirely reasonable demand that x 
be regarded as at least as good as itself. Altogether we impose 
five conditions on the relation f between individual preference 
orderings and social preference relation R. 

Condition Q (Quasi-transitive Social Preference): The social 
preference # must be reflexive, complete and quasi-transitive, 
i.e., the range of f must be confined to preference relations R 
that are reflexive and complete and which involve a transitive 
strict preference relation P. 

Condition U (Unrestricted Domain): Any logically possible 
combination of individual preference orderings can be 
admitted. 

Condition I (Independence of Irrelevant Alternatives): Social 
preference R over any pair x, y depends only on individual 
preferences over &, y. 

Condition P (Pareto Rule): For any pair x, y if all individuals 
find a to be at least as good as y and some individual finds x 
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to be strictly better than y, then 2 is socially strictly preferred 
toy; and ifall individuals are indifferent between x and y , then 
so is society. 

Condition A (Anonymity): A permutation of individual 


orderings over the individuals keeps the social preference 
unchanged, 


The first condition permits systematic social choice. Tho 
second permits individuals to have any preference pattern. 
The third establishes a relation between individual and social 
preferences that can be viewed pair by pair. The fourth is 
simply the familiar Pareto rule. The last condition—originally 
introduced by May (1952) in the context of the simple majority 
tule—requires that no special importance should be attached 
to who in particular holds which preference, all that matters 
being the combination of preferences that are held (no matter 
who holds what). These conditions may look reasonable 


enough, but together they rule out distributional judgements 
tn toto? 


Theorem 1.1 


The only functional relation f Satisfying Conditions Q, U, 
I, P,and A must make all Pareto-incomparable states socially 
indifferent. 


ferring any 2 ti 
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pair (2, y) then he must be semidecisive over every ordered 
pair. I shall not spell out the entire argument here, but only 
demonstrate how the argument works. Assume that everyone 
other than & prefers y to x and also y to z, and let person & 
prefer x to y and y to z. By the Pareto rule, yPz. If we now 
assume thatzPz, by quasi-transitivity (Condition Q) we would 
end up getting yPa; but since k is almost semidecisive over 
(x,y) clearly xRy.SozPxis false, and since R must be complete, 
xRz holds. By Condition J this must depend on individual 
preferences only over (#, z). Since only k’s preference over 
(x, 2) has been specified, i: must be semidecisive over (, 2). 
Proceeding this way it can be shown that k would be semideci- 
sive over every ordered pair in the set of social alternatives 
gt 

Next, a set V of individuals is ‘almost decisive’ over a pair 
(a, y) ifas aresult of everyone in V preferring x toy, and every- 
one not in V preferring y to x, the social ranking is xPy. The 
group of all individuals is, of course, an almost decisive set by 
virtue of the Pareto principle. Let the smallest almost decisive 
set for any pair in S be V*, and let V* be almost decisive over 
(a, y). Partition V* into V,*, consisting of one person, and 
V,* the rest. The rest of the people not in V* form set N. Let 
everyone in V,* prefer x to y and y to z, everyone in V2* 
prefer z to x and x to y, and everyone in N prefer y to z and 
2 to x. Since V* is almost decisive, clearly «Py. Tf we take 
2Py, this would make V,* almost decisive set, which is impos- 
sible since V* was the smallest almost decisive set. Hence 
yRz. If we now take zPx, then by quasi-transitivity we would 
get zPy and end up in a contradiction. Hence aRz. But then 
the solitary man in V,* is almost semidecisive over (x, 2), and 
therefore must be semidecisive over every ordered pair of 
alternatives. 

So far Condition A (anonymity) has not been used at all. 
Using that we see that everyone must be semidecisive over 
every ordered pair. But then for x to be socially preferred to y, 
itis necessary that no oneregards y to be better than x. That is, 


14 See the proof of Lemma 5*f in Sen (1970). 
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we need then that everyone regards y as being at least as good 
as x, which means that either (i) everyone is indifferent be- 
tween x and y, or (ii) someone prefers x to y and everyone 
regards x to be at least as good as y. By Condition P, (i) implies 
that x and y are socially indifferent and (ii) implies that 2 is 
socially preferred to y. So wis socially preferred to y if and only 
if x is Pareto-superior to y. This means that if x is not Pareto- 
superior to y, then y is socially at least as good as x. And if a 
and y are Pareto-incomparable, then each is socially as good 
as the other and they must be socially indifferent, 


Interpretation of Theorem 1.1 


Theorem 1.1 makes Pareto comparisons the only basis of 
social choice. Since Pareto optimal points by definition are 
either Pareto indifferent or Pareto-incomparable, they must 
all be declared socially indifferent. Even if one person prefers 
one state to another—however mildly—and all others have 
the opposite preference, the two states must still be declared 
to be equally good from the social point of view given the 
axioms of Theorem 1.1, We are back to a situation where 


judgements on inequality are not permitted and Pareto opti- 
mality is both necessary and ‘sufficient for overall social 
optimality. Anyonewishing to makedistributional judgements 
must reject something or other in the framework of Theorem 
HEME 
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to handle social choice without using interpersonal compar- 
ability or cardinality had the natural consequence of the 
social welfare function being defined on the set of individual 
orderings. And this is precisely what makes this framework 
so remarkably unsuited to the analysis of distributional 
questions. The conditions used in Theorem 1.1 simply pre- 
cipitate this fundamental weakness. 

The point can be illustrated in terms of the exercise of 
dividing a cake of volume 100 between two persons 1 and 2, 
with y; -+ y2 = 100, assuming that each prefers more to less. 
Armed only with individual orderings we know that person 1 
prefers a 50-50 division to a 0-100 division, while person 2 
prefers the latter. Now comparing the 50-50 division with a 
49-51 division, we still have exactly the same ranking on the 
part of both individuals. We cannot say that the preferences 
were much sharper in the first case than in the second, since 
cardinality of individual utilities is not admitted; and this, 
combined with the ruling out of interpersonal comparisons, 
kills twice over any prospect of being able to make a state- 
ment of the kind that the gain of person 1 in going from 0 to 50 
may be larger then the loss of person 2 in coming down from 
100 to 50, or even from 51 to 50. The ruling out of interpersonal 
comparisons even eliminates the possibility of our being able 
to say that person 2 is better off than person 1 under a 0-100 
division. In fact all the characteristics of individual welfare 
levels in the distribution problem are precisely left out of 
account in this framework, and it is no wonder that a set of 
fine-looking conditions can complete the kill and eliminate 
distributional judgements altogether. Thus Theorem 1.1. 


Interpersonal comparisons 


The crucial question really concerns interpersonal compar- 
ability, since cardinality alone—it is easy to check—will not 
help us much. With cardinality we can compare each person’s 
gains and losses with alternative values of his own gains and 
losses, but distributional judgements would seem to demand 
some ideas of the relative gains and losses of different persons 
and also of their relative levels of welfare. Indeed Arrow’s 
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‘impossibility theorem’, which I referred to earlier, remains 
virtually intact even when cardinality is introduced in ths 
absence of interpersonal comparability, as has been shown. 
Theorem 1.1 has the same characteristic. 

It seems reasonable, therefore, to argue that if the approach 
of social welfare functions is to give us any substantial help 
in measuring inequality, or in evaluating alternative measures 
of inequality, then the framework must be broadened to in- 
clude interpersonal comparisons of welfare. The question will 
be asked at this stage whether such comparisons arc at. all 
legitimate, and if so in what senso. Despite the widespread 
allergy to interpersonal comparisons among professional 
economists, it is I think fair to say that such comparisons can 
be given a precisely defined meaning. In fact, various alter- 
native frameworks are possible.!® One in particular will be 
pursued here,!7 

IfI say ‘I would prefer to be person A rather than person B 
in this situation’, I am indulging in an interpersonal compari- 
son. While we do not really have the opportunity (or perhaps 
the misfortune, as the case may be) of in fact becoming Aor 
B, we can think quite systematically about such a choice, and 
indeed we seem to make such comparisons frequently. 

Representing (a, 2) as being individual 7 (with his tastes and 
mental qualities as well) in social state x, a preference relation 
8 provides an ‘ordinal’ structure of 
18 To obtain interpersonally com- 


18 Theorem 8*2 in Sen (1970). 
f = i 

Wc ce (1945), Fleming (1952) and Harsanyi (1956). On tho 
Sosophical side, see in particular Kant (1788), Sidgwi | 7 

(Hy Rawls (1958), (1971) and Suppes (1966). Vas Sg ee) as 
7 Cf. Sen (1970) and Pattanaik (1971). 
m Formally, ? is a ranking of the Carte: 

social states) and J (the set of individuals), 


19 For a discussion of the xi ti i 
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mation if the measure is ordinal, and unique up toa positive 
linear transformation if it is cardinal. For any individual wel- 
fare function chosen U (a, i) will stand for the welfare level of 
being person i in state x. While bearing in mind this general 
framework for interpersonal comparisons, we shall, however, 
represent this as U(x) and think of this as our view of the 
welfare function of individual 7. If the framework of complete 
interpersonal comparability is used, we must also specify that 
if any particular transformation of U, is done for any indi- 
vidual i, then a corresponding transformation would have to 
be done to everyone else's welfare function as well. For 
example, given an accepted configuration of welfare functions 
of the different individuals, if one person’s welfare function is 
doubled, then so should be the welfare function of everyone 
else as well. While the precise set of welfare functions chosen 
remains arbitrary, which is unavoidable given the fact that 
welfare has no natural ‘unit’ or ‘origin’, arbitrary relative 
variations are not permitted in the framework of ‘full 
comparability’.?° 


Utilitarianism 

Once the information content of individual preferences has 
been broadened to include interpersonally comparable car- 
dinal welfare functions, many methods of social judgement 
become available. The most widely used approach is that of 
utilitarianism in which the sum of the individual utilities is 
taken as the measure of social welfare, and alternative social 
states are ordered in terms of the value of the sum of individual 
utilities. Pioneered by Bentham (1789), this approach has 
been widely used in economics for social judgements, notably 
by Marshall (1890), Pigou (1920), and Robertson (1952). In 
the context of the measurement of inequality of income distri- 
bution, and in that of judging alternative distributions of 
income, it has been used by Dalton (1920), Lange (1938), 


20 The logical and intuitive bases of alternative frameworks of inter- 
personal comparisons of individual welfare are discussed in some detail in 
Sen (1970), Chapter 7, 7*, 9 and 9*. 
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Lerner (1944), Aigner and Heins (1967), and Tinbergen (1970), 
among others.21 en 
The trouble with this approach is that maximizing the sum 
of individual utilities is supremely unconcerned with the inter- 
personal distribution of that sum. This should make it $ par- 
ticularly unsuitable approach to use for eae oF ae iging 
inequality. Interestingly enough, however, not a a aie 
tarianism been fairly ie ete eons pee ss judg oe ' 
it has—somewhat amazingly—even developed the reputation 
of being an egalitarian criterion. This seems tohave come about 
through a peculiar dialectical process whereby such adherents 
of utilitarianism as Marshall and Pigou were attacked by 
Robbins and others for their supposedly egalitarian use of the 
utilitarian framework. This gave utilitarianism a ready-made 
reputation for being equality-conscious, ‘ J. 
The whole thing arises from a very special coincidence under 
some extremely simple 
sum of individual utilit 


the marginal utilities fr 
the special assumption 
utility function, then e 


equating total utilities as well, Marshall 
particula 


any radical distributive policy pres- 


ack on utilitarianism 


came, this particular aspect of it was singled out for an especi- 


ally stern rebuke, 
While this dialectical 
deserved egalitarian reputation. 


h utility ag person 
because B has some 
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handicap, e.g., being a cripple. In the framework of inter- 
personal comparisons outlined earlier, this simply means that 
the person making the judgement regards A’s position as being 
twice as good as B’s position for any given level of income. In 
this case the rule of maximizing the sum-total of utility of the 
two would require that person 4 be givena higher income than 
B. It may be noted that, even if income were equally divided, 
under the assumptions made A would have received more 
utility than B; and instead of reducing this inequality, the 
utilitarian rule of distribution compounds it by giving more 
income to A, who is already better off. 


¢ 6 
E 
(@ b 
b a 
v 
ete SE 
A Cc D B 


DIAGRAM 1.1 


Diagram 1.1 illustrates the problem. The total amount of 
income to be divided between the two is 4B. The share of A 
is measured in the direction A B and that of B in the direction 
BA and any point such as C or D reflects a particular division 
of total income between the two. The marginal utility of A is 
measured by aa’ and that of B by bb’, and as drawn they are 
exact mirror-images of each other. The maximum total of 
utility is secured by dividing income equally as given by 
point C with AC = BC. So far so good. Assume now that B’s 
marginal utility schedule is exactly half that of A, so that: his 
marginal utility is no longer given by bb’ but by 6b’. If the 
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income distribution is left unchanged, A’s total utility will he 
AaEC and B's only BBFC, and B will be much worse off. To 
compensate this an egalitarian criterion will now shift income 
from 4 to B. Would utilitarianism recommend this? It would 
recommend precisely the opposite, viz., a transfer of income 
from poor B to rich A! The new optimal point will be D with 
A enjoying a total utility of AaG@D and B merely BoGD. : 
It seems fairly clear that fundamentally grater or 
very far from an egalitarian approach. It is, therefore) oO 
that virtually all attempts at measuring inequality a e 
welfare point of view, or exercises in deriving optimal dis 
butional rules, have concentrated on the utilitarian approach, 
It might be thought that this criticism would not apply at 
all if utilitarianism were combined with the assumption that 
everyone has the same utility function. But this is not quite 
the case. The distribution of welfare between persons is a 
relevant aspect of any problem of income distribution, and 


depend on whether 


The Weak Equity Axiom 


To bring in egalitarian considerations into the form of the 
social welfare judgements, we mi 


tive axioms, of which the following 


including 7 and J, the optimal solution must giveia 


higher 
level of income than j. ects 
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This Axiom, which we shall call WEA, puts a restriction on 
the class of group welfare functions that can be considered. 
Noto that the requirement does not specify how much more is 
to be given to the deprived person but merely that he should 
reccive more income as a compensation, possibly partial, and 
even a minute extra amount would satisfy WEA. In this sense 
the requirement is rather mild. 

Three qualifications should be specified here. First, the 
normative appeal of WEA would very likely depend on 
the precise interpretation of interpersonal comparisons. The 
framework in terms of which WEA seems to me to make a 
great deal of sense is the one that is being used in this work, 
viz., considering the possibility of being in different persons’ 
positions and then choosing among them. Thus interpreted 
WEA amounts to saying that if I feel that for any given level 
of income I would prefer to be in the position of person A (with 
his tastes and his other non-income characteristics) than in 
that of person B, then I should recommend that B should get 
a higher income level than A. 

Second, the more equity-conscious one is and the less con- 
cerned with the ‘aggregate’, the more should WEA appeal. It 
might be argued that if a unit of income gives much more 
marginal utility to 4 than to B despite A being in general 
better off than B, perhaps one should give the additional unit 
of income to A rather than to B. This type of ‘marginalist’ - 
comparison is in the spirit of utilitarianism, whereas the philo- 
sophy behind WEA lies in a completely different direction. 
Part of the difference is purely normative, but there are tech- 
nical problems of measurability and interpersonal compar- 
ability that have a bearing on this and which will be discussed 
in Chapter 2. 

Third, it is possible to give person B so much more income 
that, despite having a lower welfare function, he may end up 
being much better off than person A. Such possibilities are not 
ruled out by WEA. It just indicates a direction of adjustment, 
butif the adjustmentis quantitatively excessive the inequality 
may well finish up in the opposite direction. Other conditions 
have to be introduced to rule out such an occurrence. WEA is 
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apretty mild force towards equity, and it is at best a necessary 
but not a sufficient condition for achieving that objective. 
It is clear from our earlier discussion that utilitarianism will 
violate WEA in many cases. Indeed the example portrayed in 
Diagram 1.1 shows this quite convincingly. To keep track of 


the more significant analytical results we elevate this piece of 
rustic wisdom into a theorem. 


Theorem1.2 oe a 


There exist social choice situations such that the utilitarian 
rule of choice would violate the Weak Equity Axiom. 
The proof is straightforward; look again at Diagram 1.1.22 


WEA and concavity 


The utilitarian rule is to maximize simply the sum of indi- 
vidual utilities : 


W = St, U2) (1.1) 


To bring in a built-in bias towards equality, the function 
relation between social welfare W and individual utilities may 
be assumed to be strictly concave. That is if U2 and U2 are 


two n-tuples of individual utilities, then for any ¢ with 
0 <t <1, we may require that: 


{t W(U*) + (1 —t) W(U2)] < Wee + (1 ~—t)U2) 


(1.2) 
This would imply that any ‘averaging’ of utilities, thereby 
reducing disparity, would tend to 


u raise social welfare, which 
does of course push us in the egalitarian direction, 


It is interesting to enquire into the relation between the 
Weak Equity Axiom and strict concavity, since both have 
egalitarian aspects. It should be clear, however, that the two 
conditions are in fact independent of each other. WEA is a 
condition of optimal choice in a restricte. 


n d class of choice situa- 
tions, and there is no real hope of being able to get the fulfi]- 
ment of strict concavity (or even weaker conditions like 


23 Utilitarianism can satisfy WEA only if the ranking of tota Utiliti 
is the opposite of that of marginal utilities at equal level ue 


al 


1 
ls of income 
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concavity or quasi-concavity)everywherein the W-function on 
the basis of these restricted choice results.% 

What about the converse? This does not follow either. 
WEA would require that the inequality-increasing result of 
the utilitarian case in the situation portrayed in Diagram 1.1 
would have to be completely knocked out and instead the 
inequality-decreasing result brought in. And a W-function 
that is strictly concave in a mild way and is very close to the 
linear W of the utilitarian case would not be able to do this. 

Tf not convinced by this reasoning, consider the following 
example. Take two utility functions identical except for a 
proportional displacement : 


U.(y) = m U,(y), for all income level y, with m <1 (1.3) 


Assuming that U,(y) is strictly positive for all positive values 
of y, person 2 is worse off than person 1 for all y. The group 
welfare function W is of the following form: 


=*((0,)* + (Ua) (1.4) 


For strict concavity we need « < 1, If the problem is to 
maximize W subject to: 


W+yesY, (1.5) 
the optimal distribution would have the property: 
(U (ys)? Fy) — [U (ya)]2-* U'(y2) m* = 0, (1.6) 
putting U(y) = Ui(y)- This implies: 
U'(ys)[U (ya) = me [U(ys)[U (ya) * (1.7) 
Note that if > 0, then m* < 1, and if « < 0, then m* > 3. 


Since U increases and U’ decreases with income y, it is Glee 
that this condition will fulfil y; < Ye if and only if « < 0. 


23 Note also that in some cases (see footnote 22) it is possible for WEA 
to be satisfied by utilitarianism, which must always violate strict concavity- 
24 In this case social welfare W is bounded from above. There is an 
analogy here with Ramsey’s (1928) social welfare picture with a level of 


bliss’. 
We 
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Since strict concavity only requires « < 1, and WEA, in this 


case, would be fulfilled only if « < 0, obviously WEA does not 
follow from strict concavity.2° 


Equity and welfare economics 


WEA and the requirement of strict concavity have the 
common property of being in conflict with utilitarianism for 
essentially egalitarian reasons. But they do differ from each 
other in the way they bring in egalitarian values. Strict con- 
cavity does it by putting in a preference for the averaging 
process everywhere in the social welfare valuation, but the 
preference could be quite mild. In contrast WEA demands a 
sharper preference for equality in optimal choices but only for 
a specific class of situations. The two conditions are similar in 
spirit, but one is weak and widespread and the other is some- 
what stronger but more confined in its scope. 


It is worth mentioning in this context that in rejecting 


very mild conditions, 


cannot, of ¢ i i i 
eae Ourse, be satisfied if the Person with the 


es eet in which case he pees ere pee despite having all 
is not 
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unfortunate person should get a bit more—how much more is 
not specified. The fact that utilitarianism cannot even clear 

-such a small hurdle seems to make it inappropriate as a theory 
for evaluating inequality.” 

To conclude, we do not seem to get very much help in study- 
ing inequality from the main schools of welfare economics— 
old and new. The literature on Pareto optimality (including 
the famous ‘basic theorem’ of ‘new’ welfare economics) avoids 
distributional judgements altogether. The standard approach 
of ‘social welfare functions’ because of its concentration on 
individual orderings only (without any use of interpersonal 
comparisons of levels and intensities) fails to provide a frame- 
work for distributional discussions. This is brought out rather 
dramatically by Theorem 1.1. Finally, utilitarianism, the 
dominant faith of ‘old’ welfare economics, is much too hooked 
on the welfare sum to be concerned with the problem of distri- 
bution, and it is, in fact, capable of producing strongly anti- 
egalitarian results. As an approach to the measurement and 
evaluation of inequality it cannot take us very far. For the 
problem of inequality evaluation, the royal roads of welfare 
economics do look a trifle bleak. 


97 Note that the conflict with utilitarianism would have arisen even if 
WEA had demanded only that the person with the uniformly lower welfare 
function should get no less income than the other. 


Z 


Measures of Inequality 


Ty this chapter I shall discuss a number of measures of in- 
equality chat have been proposed in the literature. me men- 
tioned in the last chapter, these measures fall into two classes, 
viz., positive measures which make no explicit use of any con- 
cept of social welfare, and normative measures which are 
based on an explicit formulation of social welfare and the loss 
incurred from unequal distribution. While I did argue that the 
line between these two types of measures is not a 
is clear that there is a distinction, and it may b 
discuss the two types of measures in turn, T 
positive measures. 


firm one, it 
e useful to 
shall begin with 


The range 


Consider distributions of 


n, and let y; be the income 


income over n persons,i=1,... 
y of person i. Let the average level of 
income be yz, so that: 


hei y= nu 


(2.1) 
The relative share of income going to person 7 is x, That is: 
Ys = nun, (2.2) 


ratio of 
defined the range F is given es mean income. Thus 


i= (Max, ¥: — Min, Ydlu 


MEASURES OF INEQUALITY 25 


If income is divided absolutely equally, then clearly Z = 0. 
At the other extreme if one person receives all the income, then 
E = n. And B lies in general between 0 and n. 

The difficulty with the range as a measure is obvious 
enough. It ignores the distribution in between the extremes. 


Income 


tty 


Population 


DraGRaM 2.1 


The distribution AA’ has a wider range # than BB’, but most 
people under AA’ enjoy the mean income « with only a few 
aberrations. On the other hand BB’ involves a division of the 
population into two distinct classes of the rich and the poor. 
By concentrating on the extreme values only, the range misses 
important features of the contrast. 


The relative mean deviation 


One way of looking at the entire distribution and not merely 
at the extreme values is to compare the income level of each 
with the mean income, to sum the absolute values of all the 
differences, and then to look at that sum as a proportion of 


total income. This yields the so-called relative mean deviation 
M: 


M = ha |u — yillne + wi(2iS) 
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With perfect equality MJ = 0, and with all income going to 
one person only, M = 2(n — 1)/n. But unlike Z, Mf takes note 
of the entire distribution. For example, in Diagram 2.1 the 
value of M is much higher for BB’ than for AA’, which corres- 
ponds well to our intuitive notion of inequality. 

The main trouble with the relative mean deviation is that it 
is not at all sensitive to transfers from a poorer person to a 
richer person as long as both lie on the same side of the mean 
income. £1 transferred from the poorest man to someone more 
Tich but having less than the mean income would add to one 
gap and reduce another gap by exactly the same amount, and 
since these gaps are simply added up in the process of arriving 
at UV, this transfer would leave M completely unchanged. 


Income 


Population 


DiAcram 2.2 
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is crossed in the process of the crime. As a measure UV fails to 
catch the commonly accepted ideas on inequality, which 
would tend to regard ABCDEF as more unequal than 
ABGHJEF. 


The variance and the coefficient of variation 

Rather than simply adding the absolute values of the gaps, 
if we square them and then add, this would have the result, 
of accentuating differences further away from the mean, so 
that a transfer like the one shown in Diagram 2.2 would reduce 
the ineqnality measure. Variance, the common statistical 
measure of variation, does have this property. 


V = Seale — y)"/n (2.5) 
In Diagram 2.2, ABCDEF has a higher variance than 
ABGHJEF since in the process of squaring, BG has a stronger 
impact than JH. Any transfer from a poorer person to a richer 
person, other things remaining the same, always increases the 
variance, and this would appear to be an attractive property 
for an inequality measure. In fact as early as 1920, Hugh 
Dalton had argued that any measure of inequality must have 
this minimal property? and since in this Dalton was following 
a lead of Pigou,? whom he quoted in this context, we shall call 
this the Pigou—Dalton condition. 

However, the variance depends on the mean income level, 
and one distribution may show much greater relative variation 
than another and still end up having a lower variance if the 
mean income level around which the variations take place is 
smaller than with the other distribution. A measure that does 
not have this deficiency and concentrates on relative variation 
is the coefficient of variation, which is simply the square root 
of the variance divided by the mean income level: 


C= Vin (2.6) 
While the coefficient of variation captures the property of 
being sensitive to income transfers for all income levels and, 


2 Dalton (1920), p. 351. 
2 Pigou (1912), p. 24. 
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unlike the variance, is independent of the mean income level, 
the procedure of Squaring the differences is a very particular 
one. And the question may be asked: Why choose this par- 
ticular formula? It is easily checked that C' does have the 
characteristic of attaching equal weights to transfers of in- 
come at different income levels, i.e., the impact of a small 
transfer from a person with income y to one with income 
(y — d) is the same, irrespective of the value of ys Is this 
neutrality a desirable property ? It is possible to argue that 
the impact should be greater if the transfer takes place ata 
lower income level, and a transfer from a person with an in- 
come level of £1,000 to one with £900 should be greater than a 
Similar transfer from a man with £1,000,100 to one with 
£1,000,000. However, by now we are dealing with areas in 
which our intuitive ideas of inequality are relatively vague 
and checking the measures in terms of some commonly 


m the rich to the 
on) ? 

it best to measure 
he mean only, or 


The standard deviation of logarithms 


If one wishes to attach greater importance to income trans- 
fers at the lower end, a reag. 


° Atkinson (1970), p. 255. 
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lute levels, since a change of units, which takes the form of a 
multiplication of the absolute values, comes out in the logar- 
ithmic form as an addition of a constant, and therefore goes 
out in the wash when pairwise differences are being taken. It 
is, therefore, no wonder that the standard deviation of the 
logarithm has frequently cropped up as a suggested measure 
of inequality. As used in the standard statistical literature, 
the deviation is taken from the geometric mean rather than 
from the arithmetic mean, but in the income distribution 
literature using the arithmetic mean seems more common (see 
Atkinson 1970, Stark 1972). 


H = [S?,(log x — log y,)?/n}' (2.7) 


The fact that a logarithmic transformation staggers the 
income levels tends to soften the blow in reflecting inequality 
since it reduces the deviation, but on the other hand it has the 
property—as noted before—of highlighting differences at the 
lower end of the scale. But since income levels, as they get 
higher and higher, suffer increasingly severe contraction, this 
makes —H as a mezsure of welfare not concave at all at high 
income levels. If one wants social welfare to be a concave 
function of individual incomes, then H as a measure of in- 
equality can cause problems, despite attractive features in 
other respects. 

Furthermore, H does depend on the arbitrary squaring 
formula—albeit after a logarithmic transformation—and it 
shares with V and C the limitation of taking differences only 
from the mean. 


The Gini coefficient and the relative mean difference 


A measure that has been very widely used to represent the 
extent of inequality is the Gini coefficient attributed to Gini 
(1912) and much analysed by Ricci (1916) and later by Dalton 
(1920), Yntema (1938), Atkinson (1970), Newbery (1970), 
Sheshinski (1972), and others. One way of viewing it is in 
terms of the Lorenz curve due—not surprisingly—to Lorenz 
(1905), whereby the percentages of the population arranged 
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from the poorest to the richest are represented on the horizon- 
tal axis and the percentages of income enjoyed by the bottom 
%% of the population is shown on the vertical axis. 
Obviously 0% of the population enjoys0% of theincomeand 
100% of the population enjoy all the income. So a Lorenz 
curve runs from one corner of the unit square to the diametri- 
cally opposite corner. If everyone has the same income the 
Lorenz curve will be simply the diagonal, but in the absence of 
perfect equality the bottom income groups will enjoy a pro- 
portionately lower share of income. It is obvious, therefore, 
that any Lorenz curve must lie below the diagonal (except the 


1 


Percentage of income 


Percentage of Population 1 
DIAGRAM 2.3 
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relative mean difference, which is defined as the arithmetic 
average of the absolute values of differences between all pairs 
of incomes. 


@ = (1/2n?u) Sor Dj=1 ly: — yl (2.8.1) 
= 1 — (Inu) DP-1 Dai Min(yn 9) (2.8.2) 


= 1-4 (1m) — (2/nz) [yr + 2a +. + + Yn 
(2.8.3) 


fory, >Y¥22>- ++ 2Yn 


In taking differences over all pairs of incomes, the Gini 
coefficient or the absolute mean difference avoids the total 
concentration on differences vis-i-vis the mean which C, V, 
or H has. In avoiding the arbitrary squaring procedure of C, 
V, or H, it may seem to be a more direct approach as well, 
without sacrificing the quality of being sensitive to transfers 
from the rich to the poor at every level. Undoubtedly one 
appeal of the Gini coefficient, or of the relative mean difference, 
lies in the fact that it is a very direct measure of income differ- 
ence, taking note of differences between every pair of incomes. 


Welfare interpretations of the alternative measures 


In comparing these measures it is obvious that the range, 
E and the relative mean deviation M are, more or less, 
non-starters.* The real competition would be between such 
measures as the coefficient of variation C, the standard devia- 
tion of logarithms H and the Gini coefficient G. In comparing 
the relative usefulness of these measures it is necessary to 
examine the precise properties. ‘ 

First, as far as the Pigou-Dalton condition is concerned, 
both the coefficient of variation and the Gini coefficient, pass 
the test, i.e.,a transfer from a richer man to a poorer person 
always reduces the value of both C and G. The same is, 


4 Measures of ‘skewness’ of income distributions have also been used as 
measures of inequality. But this is essentially a confusion of ‘equality’ with 
‘symmetry’. An un-skewed symmetric distribution need not be an equal 
one. Cf, Stark (1972), pp. 139-140. 
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however, not true of the standard deviation of logarithms H, 
and it is possible for H to rise even when there are rich-to-poor 
transfers. Although this can happen only at very high levels 
of income, the fact remains that H can violate the Pigou- 
Dalton condition.> 

Second, as far as relative sensitivity is concerned, we have 
already noted that the coefficient of variation C is equally 
sensitive at all levels, whereas the standard deviation of 
logarithms H is more sensitive for transfers in the lower in- 
come brackets. As noted earlier, if the welfare impact of a tiny 
transfer from a man with £1,000 to one with £900 is thought 
to be more important than that from a man with £100,100 
to one with £100,000, the coefficient of variation faces some 
problems. The standard deviation of logarithms shows pre- 
cisely the required type of sensitivity, but it becomes so 
insensitive to transfers among the rich, that it may end up by 
violating even the Pigou—Dalton condition as well. It would 
have been nice if the sensitivity direction could be preserved 
(unlike with C) without violating the Pigou-Dalton condition 
(unlike with H). Would the Gini coefficient meet this gap? 

The answer is: No, it will not. For the sensitivity of the Gini 
coefficient depends not on the size of the income levels but on 
the number of people in between them. As is clear from the 
expression (2.8.3), the Gini coefficient implies a welfare func- 


tion which is just a weighted sum of different people’s income 


mined by the rank-order 
by income level. Thus the 
tson with the i-th highest 
ighest income is simply 4/7, 
For example £3 to the second tichest person is given the le 


5 
See Dasgupta, Sen and Starrett (1972), and also Chapter 3 below. 
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gap, e.g., if an additional 100 people get incomes between 
£1,900 and £2,000, then the Gini coefficient would attach the 
same weight to £1:00 income to B as to £1-20 to A. The 
income levels of A and B have remained the same, but the 
relative weighting between them is now completely altered 
because some other people have shown up inside the income 
range defined by A’s and B’s income levels.® 

The Gini coefficient can be interpreted in a number of differ- 
ent ways. The visual picture given by Diagram 2.3 is itself 
quite expressive. The expression (2.8.3), on which we have 
been commenting, shows that the implicit welfare function 
underlying the Gini coefficient is a rank-order-weighted sum 
of different persons’ income shares. On the other hand, expres- 
sion (2.8.2) throws a somewhat different light on the Gini 
coefficient. Suppose the welfare level of any pair of individuals 
is equated to the welfare level of the worse-off person of the 
two.’ Then if the total welfare of the group is identified with 
the sum of the welfare levels of all pairs, we get the welfare 
function underlying the Gini coefficient. 

Finally, expression (2.8.1) suggests yet another interpreta- 
tion. In any pair-wise comparison the man with the lower in- 
come can be thought to be suffering from some depression on 
finding his income to be lower. Let this depression be pro- 
portional to the difference in income. The sum total of all such 
depressions in all possible pair-wise comparisons takes us to 
the Gini coefficient. 

One characteristic of the Gini coefficient is that it does not 
imply a strictly concave group welfare function.’ This is 
obvious from (2.8.3), since @ is a linear function of income 


® There is an obvious analogy here with the violation of Arrow’s (1951) 
‘independence of irrelevant alternatives’, which we have used in Chapter 1. 
The similarity is not a pure coincidence. A rank-order-based system typically 
does make choices sensitive to ‘irrelevant’ alternatives, and this is as true 
of the ‘rank-order method’ of voting, which violates Arrow’s condition, as 
of the Gini coefficient, which has the property described in the text. 

7 There is an analogy here with Rawls’s (1971) ‘maximin’ criterion of 
justice but applied pair-wise. 

AS Note that the welfare function must be thought to be -G, since a 
higher value of @ shows greater inequality, which corresponds to less welfare 
It is -@ that is concave but not strictly concave, ; 
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levels. This property has come under attack recently,® but it 
is not at all clear how serious an objection it really is. The 
implied group welfare function may not be strictly concave, 
but it is concave all right, and furthermore any transfer from 
the poor to the rich or vice versa is strictly recorded in the Gini 
measure in the appropriate direction.!° The fact that the 
standard deviation of logarithms does not even satisfy this 


condition of response may appear to be, in some sense, much 
more clearly objectionable. 


Theil’s entropy measure 


An interesting measure of inequality, proposed by Theil 
(1967), derives from the notion of entropy in information 
theory, and it is, in terms of motivation, rather different from 
the class of measures we have been looking at. When z is the 
probability that a certain event will occur, the information 
content h(x) of noticing that the event has in fact occurred 
must be a decreasing function of z—the more unlikely an 


event, the more interesting it is to know that that thing has 
really happened. 


Dasgupta, Sen and Starrett 
efficient cannot order distri- 
Stroup welfare function given 


al utility functions, Sheshinski 
(1972) questions additivity and gives an example of a non. 


as . additive group 
welfare function that would reflect the Gini ranking, Dasgupta, Senvanad 
Starrett (1972) and Rothschild and Stiglitz (1972) demonstrate that the 
Gini ranking cannot be reflected by any group welfare function (additive 
or not) if it is strictly quasi-concave on individual incomes, (Sheshinski'g 
example is not only non-additive, but it is also non-strictly-quasi-concaye 
on incomes.) 

10 The Gini coefficient is strictly S-concave though not strictly concave, 
or strictly quasi-concave. On this see Dasgupta, Sen and Starrett (1972), 
and Chapter 3 below. 2), 

11 Measures like the variance and the coefficient of variation ar 
concave throughout. But the use of the mean. 
additive framework would imply a very specific 
funefions, viz., the quadratic class: 


Uly) =k, + Kay + Kay’, with k, <0 


The coefficient of variation is, however, mean-independent, 
would fall in a relatively narrow category in terms of 
functions. 


© strictly 
“variance analysis in an 
class of individual utility 


(2.9) 


t, though it too 
implicit Welfare 
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One formula that satisfies this property—among others—is 
the logarithm of the reciprocal of z. 


h(x) = log (2.10) 
When there are n possible events 1, . . ., x, we take the res- 
pective probabilities z,, . . ., 2%, such that 2, > 0 and 


7.1 % = 1. The entropy or the expected information con- 
tent of the situation can be viewed as the sum of the informa- 
tion content of each event weighted by the respective 
probabilities. 


A(x) = Sioa ah(2,) 


= 2.12, log (=) (2.11) 


It is clear that the closer the » probabilities x, are to (1/n), 
the greater is the entropy. While in thermodynamics entropy 
is taken to measure disorder,’ if x; is interpreted as the share 
of income going to person i, H(x) looks like a measure of 
equality. When each x, equals (1/n), H (x) attains its maximum 
value of log n. If we subtract the entropy H (x) of an income 
distribution from its maximum value of log n, we get an index 
of inequality. This is Theil’s measure. 


T =logn — H(z) 
= YL % log nx,. (2.12) 


Given the association of doom with entropy in the context 
of thermodynamics, it may take a little time to get used to 
entropy as a good thing (‘How grand, entropy is on the in- 
crease!’), but it is clear that Theil’s ingenious measure has 
much to be commended. A shift from a richer to a poorer per- 
son lowers 7, i.e., it satisfies the Pigou-Dalton condition, and 
it can be aggregated in a simple manner over groups.’ But 


12 ‘The second law of thermodynamics warns that there is an inherent 
tendency for disorder to increase. 
13 Theil (1967), pp. 94~6. 
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the fact remains that it is an arbitrary formula, and the aver- 
age of the logarithms of the reciprocals of income shares 
weighted by income shares is not a measure that is exactly 
overflowing with intuitive sense.1* It is, however, interesting 
that the concept of entropy used in the natural sciences can 


provide a measure of inequality that is not immediately 
dismissable, however arbitrary it may be. 


Different mean incomes 


It is important to note that all these measures with the 
exception of the case of the variance have the property of being 
invariant if everyone’s income is raised in the same proportion. 
This is true of the relative mean deviation, the coefficient of 
variation, the standard deviation of the logarithms, the rela- 
tive mean difference, the Gini coefficient, and Theil’s entropy 
measure. Is this a property we want? Can it be asserted that 
our judgement of the extent of inequality will not vary accord- 
ing to whether the people involved are generally poor or 
generally rich? Some have taken the view that our concern 
with inequality increases as a society gets prosperous since the 
society can ‘afford’ to be inequality-conscious. Others have 
asserted that the poorer an economy, the more ‘disastrous’ the 
consequences of inequality, so that inequality measures should 
be sharper for low average income. 

This is a fairly complex question and is bedevilled by a 
mixture of positive and normative considerations. The Woe 
that for poorer economies inequality measures must be them- 
selves sharper can be contrasted with the view that greate 
importance must be attached to any given inequality ae 
if the economy is poorer. The former mcorporates the value; 6 
question into the measure of inequality itself, while the ne 
brings it in through the evaluation of the relative importance 
of a given measure at different levels of average income. ioe 
fundamental sense it does not really matter whether these 


14 If for some reason the individual welfare functions are Proportj 
to x, log(1/«,), then Theil’s measure will be particularly attractive wi, thi 10nal 
utilitarian framework, but I can’t think of a good reason why jn, ee the 
welfare functions should take such a form. idua) 
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values are brought in through the measure itself or through 
the evaluation of the measure, but it is important to be clear 
about precisely what one is doing. 


Dalton’s measure 

It is time now to move from the positive measures to norma- 
tive ones. In a classic contribution, Dalton (1920) argued that 
any measure of economic inequality must be concerned with 
economic welfare to be of relevance. The particular measure 
that he chose followed directly from the utilitarian framework, 
and he based it on a comparison between actual levels of 
aggregate utility and the level of total utility that would 
obtain if income were equally divided. Since he took a strictly 
concave utility function, i.e., with diminishing marginal 
utility of income, and the same function for all, the maximiza- 
tion of aggregate welfare required an equal division. Dalton 
took the ratio of actual social welfare to the maximal social 
welfare as his measure of equality, taking the utility levels to 


be all positive.’® 
D=([Xh1i U(y)]/nU (uv). (2.13) 


Atkinson (1970) has pointed out that this measure suffers 
from the difficulty that it is not invariant with respect to 
positive linear transformations of the utility function; car- 
dinal utility implies that any positive linear transformation 
would do just as well and Dalton’s measure takes arbitrary 
values depending on which particular transformation is 
chosen. I must confess that I am not entirely persuaded that 
this argument is a very strong one, since the ordering of 
Dalton’s measure would not be affected by taking positive 
linear transformations, and what is really significant with 
these measuresis the ordering property. However, itis possible 
to redefine the measure in such a way that the actual numbers 
used in measuring would be invariant with respect to per- 
mitted transformations of the welfare numbers, and this is 
what Atkinson does in his own approach. 


18 See Wedgwood (1939) for an application of Dalton’s measure. See 
Bentzel (1970) for a critical evaluation of this approach. 
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Atkinson’s measure 


Atkinson defines what he calls ‘the equally distributed 
equivalent income’ of a given distribution of a total income, 
and this is defined as that level of per capita income which if 
enjoyed by everybody would make total welfare exactly equal 
to the total welfare generated by the actual income distri- 


bution.1¢ Putting y, as ‘the equally distributed equivalent 
income’, we see that: 


Ye = yl[nU (y) = S2_, U(y)] (2.14) 


The sum of the actual welfare levels of all equals the welfare 


f everyone had Ye income. Since each 


A=1-—(y,/u). (2.15) 
Obviously if income is equally distributed then Ye is equal 


kinson’s measure will be 0. For any 
A must lie between 0 and 1, 


given total amount of income, 
(0, 10) and (5, 5). If we choose a U(y) function such 
proportional to y, both will have precisely the same Atkingon 
measure of inequality. However, it would seem to be rather 
absurd to describe the two as being equall 


Y Unequal, 
We are confronting two distinct problems here. First, bein, 


based exclusively on a normative formulation, the measure of 


*° For an earlier use of the approach of ‘equally distributed egy: 
income’, see Champernowne (1952), one of whose measureg Was 1iVelent 
portion of total income that is absorbed in compensating for ote : Pro. 
aggregate satisfaction due to inequality’ (p. 610). logs of 

17 Atkinson (1970), pp. 245-6. 


Say, 
that it is 
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inequality has ceased to have the descriptive content that is 
associated with it in normal usage, and the idea of inequality 
has become totally dependent on the form of the welfare 
function. Since under the assumptions both distributions pro- 
duce the same level of social welfare, they appear to have the 
same measure of inequality. But, of course, in the sense in 
which the word inequality is used in normal communication, 
it has a straightforward descriptive content as well. And it 
would be odd to describe (0, 10) and (5, 5) as having the same 
degree of inequality. The second problem concerns the use of 
the utilitarian framework whereby the values of U of each 
person are simply added to arrive at the aggregate social wel- 
fare. If, instead of that, social welfare were taken to be a 
strictly concave function of individual utilities—in the line 
suggested in the last chapter—then these two distributions 
would not have had the same measure of inequality and indeed 
(0, 10) would have been more unequal than (5, 5). 

Of course, Atkinson himself is careful not to call his U(y) 
a utility function. Perhaps we can even think of it as some 
kind of astrictly concave transform of individual utilities, i.e., 
the component of social welfare corresponding to person 2, 
being itself a strictly concave function of individual utilities. 
What one would have to do then is to require strict concavity 


of the U (y) function. 


Axioms for additive separability 

However, while this takes care of the problem of strong 
concavity, it is still fairly restrictive to think of social welfare 
as a sum of individual welfare components. There are in fact 
twoseparateissuesin utilitarianism, viz., the question of simply 
adding the individual utilities and the question of additive 
separability; the former implies the latter but not the other 
way around.?8 If we take each U asastrictly concave function 
of individual utilities we are avoiding the simple additive 
formula of utilitarianism, but we are still sticking to the notion 


18 The group welfare function given by equation (1.4) in Chapter | is 
additively separable, but not utilitarian except for the special case of a = 1. 
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of additive separability. Individual components of social wel- 
fare continue to be judged without reference to the welfare 
components of others, and the social welfare components 
corresponding to different persons are eventually added up to 
arrive at an. aggregate value of social welfare. 

There are various ways of axiomatizing additive separability 
in the context of income distributional judgements.’® An inter- 
esting version of this is presented by Hamada (1972) in an 
illuminating paper in which he proceeds in terms of an analogy 
with behaviour under risk. Though Hamada’s model is rather 
complex, it is worth examining carefully because the require- 
ments of additive separability are brought out sharply by his 
axiom set. 

Consider incomes (taken for convenience to be integers) 
ranging from 1 to m, which is the maximum possible income. 
Let 7, be the percentage of population receiving income i, for 
t=1,. . .,m.Soany income distribution can be represented 
by (Caines ton 7), which will be called vector r. Hamada calls 
this ‘the income distribution vector’, but this may cause con- 
fusion in our context since r is not a vector of income but of 
percentages of population. I shall call r Hamada-vector. 
Obviously the sum of the components equals lie. Dr, = 1. 
Consider two Hamada-vectors r and s. Split each into two 
vectors r! and 72, and s? and s?, respectively, l.e., 72 4 72 — r, 
and s! + s2 — s. Assume that =7*; = &s*,, and therefore 
Eyr?,; = D,s?,. Multiply each of these vectors r! and s' by a 
suitable number such that the resultant vectors 71 and 31 are 
Hamada-vectors, i.e., Dyrty = 15" a 1. Do the same to 72 

and s? to get Hamada-vectors 7? and 8?. T he crucial axiom that 
Hamada uses (his Assumption 2) requires that if we regard 
7) to be at least as good as 41 and 7* at least as good as 32 ae 
we must regard r to be at least as good ag s, Mawes a ve = 
strictly prefer 7} to $1 and regard 7? to be at least as good as 3 
then we must strictly prefer r to s. aS 
Is this a reasonable axiom for income distributio, 9 
19 On the general question of additive separability, see Debrey (loge ¢ 
Gorman (1968), Fishburn (1970), and Hammond (1972). gee also the ape 


troversies between Strotz (1958), (1961), and Fisher and Roth, 


“i (1955) and Diamond (1967), on rain (1961), 
(1962), and between Harsanyi (1955) an‘ ) On relate issues. 
es, 
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Consider two Hamada-vectors (0, 100, 0, 0) and (50, 0, 0, 50). 
The former, which we shall call 7, has absolute equality at 
income 2 foreach, while $? is a two-class society with the ‘haves’ 
getting income 4 each while the ‘have-nots’ make do with 
only income 1 each. Despite the higher total income of the 
latter, it is possible that someone impressed by the vision of 
total equality in 7* will swear by Babeuf that it is superior to 
$1, Next, this man is given a choice between (39, 22, 0, 39) and 
(40, 20, 0, 40), which we shall call respectively r and s. All 
that vision of equality is now gone, and in this rather mundane 
choice it is possible that the same man may not really be able 
to say that he prefers r to s. While r is a bit more of an equal 
distribution, s does have a bit more of total income, and in 
going from s to 7 one person each is taken out from income 
groups 1 and 4 respectively to be put into income group 2, but 
that still leaves 39 others at the two poles. Our hero may not, 
thus, be too impressed with r and may not prefer r to s. But 
then he has had it with Hamada. We can split r into (0, 2, 0, 0), 
and (39, 20, 0, 39), which we call 7+ and r? respectively, and s 
into (1, 0, 0, 1) and (39, 20, 0, 39), which—as our hero would 
have by now guessed—we are going to call s* and s? respec- 
tively. Normalized into Hamada-vectors7* and s* reveal them- 
selves to be 7? and $!, and we know that our hero prefers 7" to 
$1, He must be indifferent between 7 and 8, since they are the 
same. So he must prefer 7 to s by Hamada’s axiom, but no, he 
doesn’t. Our little hero gets into difficulty with additive separ- 
ability because he is taking an interdependent view of income 
distribution. 

In general, if one feels that the social valuation of the welfare 
of individuals should depend crucially on the levels of welfare 
(or incomes) of others,2° this property of the independence 
of each person’s welfare component from the position of others 
has to be sacrificed. And this requires the use of a less narrow 
class of social welfare functions. Hamada’s axiom system pre- 
cipitates this independence property in a clear form, but these 
axioms are both sufficient and necessary for additive separ- 
ability, and the difficulty is in fact quite pervasive. 

20 Cf, Runciman (1966) on ‘relative deprivation’. 
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An alternative measure 


Consider social welfare W to be an increasing function of 
individual income levels: 


W= Wy... yp). 


A more general normative measure of inequality is the follow- 
ing. Define ¥, (the generalized equally distributed equivalent 
income) as that level of Per capita income which if shared by 


all would produce the same W as the value of W generated by 
the actual distribution of income. 


%=YIW(y,.. Y= Wy. . + Yn)] (2.16) 


, W need not even bea function of individual 
utilities, i.e., it need not even be ‘individuali; 


The measure of inequality that we can us 


Nie (y/n) (2.17) 


It is quite clear that A and NV given by (2.15) and (2.17) will 
be completely equivalent if the welfare function to be 
of the utilitarian form: 


W= eet U(y,) 
Positive and normative Measures 
If we choose a general formula like N for 
equality of income distribution we 
about specifying the social welfare function, 
choose whatever we think are the appropriate we, oe then 
about the valuation of the welfar mptions 


.-) implicatio ‘ % 
Any use of N will of course Teq oe of inequality : 


uire a SPecificati 
function. While N avoids the problem of additive separate 
ility, 


it is a totally normative measure—a characteriat: uM 
shares with Dalton’s and Atkinson’s measures, Bag’ eet it 
in the last chapter, inequality measures do have Positiy peed 
ments which are difficult to disassociate from the ee ae 
picture. are 


used ig 


measuring jn- 
have considerable freedom 
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In some ways the positive measures of inequality discussed 
earlier can also be viewed as normative measures with specific 
assumptions about social welfare evaluation. For example, 
Theil’s entropy measure is almost strictly in the form of a 
utilitarian social welfare function which makes the individual 
welfare components equal to 2, log (1 /a,), where 2, is the share 
of income going to person i. This is a rather peculiar welfare 
function, and the other measures could be justified in norma- 
tive terms also with rather special representations of social 
welfare. I do not intend to go through each of these measures 
one by one to see what they translate into; some of the welfare 
aspects of measures like V, C, H and G were discussed earlier. 
There is no great analytical difficulty in putting all the 
measures within the same framework and then differentiating 
between them in terms of their normative assumptions. But 
this is not a fair thing to do as far as the positive measures are 
concerned, since the motivation underlying these measures is 
quite different. 


Assumptions of measurability and comparability 

The rationale for using a general measure like NV is its inde- 
pendence from the narrow framework of additively separable 
individualistic group welfare functions. The utilitarian wel- 
fare function corresponds to the most common example of this 
narrow framework and, given utilitarianism, A and N would 
coincide, and D would also generate the same ordering. The 
relevance of utilitarianism to the problem of normative evalua- 
tion ofincome distributions is, therefore, of significance. While 
evaluating the merits of utilitarianism in Chapter 1, I made 
the assumption of cardinal measurability and fullinterpersonal 
comparability of individual welfares. It is worth investigating 
whether a defence of utilitarianism can rest on some other 
specific measurability and comparability assumptions. 

The lack of equity considerations in the utilitarian frame- 
work (combined with the case for strict concavity of social 
welfare on individual welfare levels) was spelt out in Chapter 
1. The Weak Equity Axiom was chosen as an illustration of 
an equity-conscious requirement. There are others one can 
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suggest. But all these requirements—and indeed the very idea 
of equity—would seem to need comparisons of levels of wel- 
fare in addition to comparisons of differences. If one assumed 
a framework whereby gains and losses of welfare of different 
individuals could be compared but absolute levels could not 
be, it would be possible to use the utilitarian approach without 
being able to apply WEA or other equity considerations of 
that type. This is because the utilitarian formula declares « 
to be socially preferred to yifand only ifthe welfare differences 
for all the individuals between x and y summed together turn 
out to be positive, and in defining differences the question of 
the ‘origin’ of the utility function is irrelevant. If, for example, 

a certain constant is added to one person’s utility level but not 

to that of another, it will not affect the utilitarian rule of choice 

at all. But it can affect the ordering of different persons’ 


welfare levels, thereby rendering the WEA and other equity 
conditions unusable. ; 


Let Wy stand for any ‘utilitarian’ group welfare function 
and W; any group welfare function satisfying WEA or some 
similar equity condition involving comparisons of relative 


Comparability 


‘aig, | Only units | Only levels | Units and 
comparability comparable , 


comparable | levels both 


Measurability comparable 


: Wy and Wp 
Ordinal both unusable 


We and We 


Cardinal both unusable 


Wo and Wz 
both usable 


Wy =any ‘utilitarian’ group welfare function 


Wp=any ‘equity based’ group welfare function (Sapantitns 
j ryi 


"g WEa) 


TABLE 2.1 
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wellbeing of different people. In Table 2.1 the consequences 
of different measurability and comparability assumptions are 
presented. 

og is clear that, should we assume ordinality of individual 
ane there would be no possibility whatsoever of using 
‘cart Sr clin’ while equity conditions like WEA could Still be 
On i ordinal interpersonal comparability were permitted. 
a e other hand, if we take cardinality of individual welfare 
ene that welfare differences are comparable, but not 
i s, then utilitarianism can be used, but equity conditions 
ike WEA cannot be. 

The real conflict comes W 
comparable and the assumption of car’ 
oy puts utilitarianism in potential conflict with WEA 
the other equity-conscious rules, since both are usable and 
ie “f si be mutually inconsistent. The arguments used in the 
Tid, aa concentrated on this case and I shall not repeat 
mili . It seems to me clear that a concern for equity must 

ilitate against the use of utilitarianism. 


hen both levels and differences are 
dinality with full com- 


Inequality judgernents and comparability 

tees defending utilitarianism, therefore, one’s best bet would 
di pics making the rather peculiar assumption that utility 
as ice are comparable but levels are not.2! In this context 
ee iS nse to bear in mind the meaning of interpersonal 
iN: a a of utility which was discussed in the last chapter. 
thing ent there, to judge that U(x) > U,(y) is the same 
in Riedadiai erring to be individual 7 in state # rather than 
Det ac bs state y. These as if comparisons are an essential 
aie 7 mg about the normative aspects of the problem 
ices aaa istribution. It is, of course, certainly the case that 
aiane ao ac are subjective, but they are, I would sub- 
of sctitt Re aed relevant way of understanding problems 
paciieecc hua in so far as putting oneself in the position of 
ROSES Ba. at the exercise of having his tastes and mental 
But in understa: : ue exercise may indeed be quite complex. 
2 Cf. Harsanyi wt Ing the interpersonal aspects of social choice 

yi (1955), Diamond (1967), and Sen (1970), pp- 148-6 
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involving human wellbeing, one is inevitably put in the posi- 
tion of having to make these comparisons, though very often 
this is done implicitly. The advantage of making the compari- 
sons explicitly is to crystalize one’s values on the subject, and ° 
this is a significant part of any normative recommendation in 


a situation of conflict between the interests of different indi- 
viduals or groups. 


Formally, if we think of the ordering R over elements like 


(x, 2), ie., being person 7 in state x, we can think of inter- 
personal welfare comparisons as simply numerical reflections 
of such an ordering R. As discussed in Chapter 1: 


U(x) > U,(y) if and only if 


(x, i) R(y, 5). (2.18) 
Tf the problem is viewed in this way it should be clear that 
comparisons of levels are prior to comparisons of differences, 
Indeed, the utility functions will have to be first defined in 
terms of the ranking R, which immediately introduces com- 
parability of levels, and only if, on top of that, some additional 
characteristics (like ‘independence’) are satisfied, would 


differences be also comparable in an interpersonally usable 
cardinal scale. It would e is rather little 


1 thus seem that ther 

scope for defending utilitarianism by making the assumption 
of comparability of differences of utility with levels being 
non-comparable. 


3 
Inequality as a Quasi-Ordering 


Tr can be argued that part of the difficulty in using the meas- 
ures of inequality presented in the last chapter arises from the 
fact that they are all ‘complete’ measures in the sense that 
every pair of distributions can be compared under each of 
these measures. If we take any two distributions z and y— 
each being a vector of incomes—then according to any of these 
criteria either x will be more unequal than y, or vice versa, Or 
both will be equally unequal. The possibility of non-compar- 
ability is not at all entertained. In fact, to each distribution 
x there is attached—under any of these measures—a real 
number J (x) which is supposed to represent the degree of in- 
equality of x. While various ways of arriving at J (x) have been 
presented (e.g., using specific ‘positive’ measures such as the 
coefficient of variation, or the standard deviation of logar- 
ithms, or the Gini coefficient, or using particular measures of 
welfare loss such as (1-D), A, or N, after specifying the 
relevant welfare functions), each way leads to the conversion 
of the set of distributions x, y, 2, etc., into @ set of corre- 
sponding inequality numbers I (x), I(y), I(2), and so on. And 
pe any two numbers are comparable, ie., either I(x) > 
= (y), or I(x) < I(y), or I(x) = I(y), there is never any gap 
in ane picture of comparative inequality. 
herent however, possible to argue that this approach is in- 
Huy) defective since inequality as a notion does not have 
any innate property of ‘ y , res ik 
GF Goureontee a completeness . In a trivial sense it is, 
Sora likewenaeea at one can define ‘inequality ” precisely 
Panniers ong as one is explicit and consistent one 
expression ‘inequelit u above criticism. But the force of the 
ieecatom the y> and indeed our interest in the concept, 
meaning that is associated with the term, and 
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We are not really free to define it purely arbitrarily. And—as 
it happens—the concept of inequality has different facets 
which may point in different directions, and sometimes a total 
ranking can not be expected to emerge. However, each of the 
standard measures does yield a complete chain, and arbitrari- 
ness is bound to slip into the process of stretching a partial 
Tanking into a complete ordering. It is arguable that each of 
these measures leads to some rather absurd results precisely 
because each of them aims at giving a complete-ordering 


Tepresentation to a concept that is essentially one of partial 
ranking, 


Lorenz partial ordering and Atkinson’s results 


One measure of inequality that does not aim at ‘complete- 
ness’ is the relation of the Lorenz curve of one distribution 
being Strictly inside that of another. In Diagram 3.1 the 

orenz curve x lies wholly inside curve z, and so does curve ¥ 


DIAGRAM 3.1 
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as well. But the curves x and y intersect, so that neither can 
be said to be more unequal than the other in terms of the 
Lorenz-curve ranking. Treating L as the relation of bemg 
strictly inside,’ we can say aLz and yLz, but neither xLy, nor 
yLa. 

Are there reasons to believe that the Lorenz-curve ranking 
catches the essence of the concept of inequality, including its 
partial nature ? Up to a point the answer probably is ‘yes’, and 
I propose now to discuss the nature of the Lorenz ranking L 
in some detail. Later on, however, it will be shown that it does 
miss some essential features of the concept of inequality. 

A remarkable theorem on the Lorenz ranking was proved 
by Atkinson (1970), using the normative approach. Suppose 
that social welfare is the sum of individual U functions which 
are themselves strictly concave functions of income Yi, i.e., 
have strictly diminishing marginal utility. 


W(y) = dir U(y) 


Let the Lorenz curve of distribution 2 lie strictly inside that 
of y, ie., «Ly. The total income is the same for both distribu- 
tions. Then even without knowing which precise U function 
is used, we can say that W (x) is greater than W(y), where 
W(x) and W(y) are the social welfare levels from a and y 
respectively. Furthermore, the converse is also true, ice., if we 
can say that W(x) > W(y) irrespective of which individual 
U function is chosen (as long as it is strictly concave), then 
aLy. Thus xLy implies W(x) > W(y) irrespective of the 
precise concave utility function chosen, and if for all strictly 
concave utility functions W (x) > W (y), then «Ly. 


(3.1) 


Non-additive formulation 

The great attraction of Atkinson's result is that it permits 
Oy we rank the inequality levels of distributions in terms of the 
social welfare levels even without knowing the precise utility 
function to be chosen. However, since social welfare is taken 
to be of the utilitarian additive kind, the result may be thought 


5 Eee eees to mean that xLy if the Lorenz curve of x lies nowhere 
outside that of y and at some place (at least) it lies strictly inside the latter, 


m of additive separability is quite 
the preceding chapters. 4 

class of social welfare functions is 
ditive ones as well? We can define 
& symmetric and concave function 
while the individual welfare func- 


Social welfare W simply as 
of individual welfare levels 
tions are strictly concave, 


Non-individualistic welfare functions 


There is another Tespect in which it may be useful to View 


the problem in more general terms than Atkinson 
It is possible to view social welfare in non i 
terms, i.e., not relating social welfare to indivi 
such. For example, social welfare may be de 
the distribution of incomes without going thr 
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egalitarian bias for distributional judgements, it is sufficient 
to consider strict quasi-concavity.? sigh 

The distinction between concavity and quasi-concavity 1s 
a technical one, but is worth commenting on. A concave dees 
fare function F requires that the weighted average of socia 
welfare levels from two income distributions x and y must be 
less than or equal to the social welfare of the weighted average 
of the two distributions, using the same weights. 


t B(x) + (1 —t)F(y) < F(tx + (1 —t)y), : 
for any t,0<t<1. (3.4) 


On the other hand quasi-concavity requires that the minimum 
of the two social welfare levels from x and y respectively should 
be less than or equal to the social welfare of the weighted 
average of the two distributions. 


Min [F (x), F(y)] < F(tz + (1 —#)y)s (a5) 
for any t,0<t<1. : 


For strict quasi-concavity the weak inequality a Pn 
placed by <, so that the social welfare from eg re t 
ae must be strictly larger than am a ee as 
wellare levels from x and y res ectively- i 

Essentially strict AR oneorty simply requires that ne 
Social indifference curves (fap mone tha We, Benga) Social 
indifference surfaces) must be themselves acts Sohtabed 
i.e., be shaped like curved dishes. That thisis 5) eee Be 
from the definition is clear from Speers i eae randy 
axes y, and ¥. represent the income levels ea a WO persons. 
Since x and y lie on the same indifference oe “y must have 
the same level of social welfare, and therefore the minimum 
social welfare of the two must be aie pais ae from 
either. zis a weighted average of the iy a aes Lane aa 
y, and strict quasi-concavity requires that social welfare from 


? In fact, a bit of further weakening as poset yie ace anes only g. 
concavity (on this, see Berge, 1963), used ey pT); le Atkinson 
theorem presented in Dasgupta, Sen and 
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z be strictly larger than social welfare from x or y. That is, the 
sucial indifference curve through z must be higher than the 
one through z and y. This is guaranteed if and only if the social 
indifference curves are shaped concave outwards. Strict quasi- 
concavity means that, as we increase the income level of one 


Yeo 


ss 


0 
DIAGRAM 3.2 


given the income levels of the others, less and less relative 
importance is attached to the income level of the person 
whose income is going up. This is « strictly egalitarian feature, 
which is all we need for building equality-consciousness into 
our social welfare function. 


A general result 


Considering, therefore, the social welfare function F defined 
over individual incomes, implying neither the necessity to go 
through the intermediary of individual utilities, nor the use of 
oo Auer additive framework, nor even the necessity of 

rict concavity, let F be simply any function that is sym- 


oe and strictly quasi-concave. The following theorem is 
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Theorem 3.1 


Taking F to be symmetric and strictly quasi-concave, if for 
two different distributions x and y with the same total of in- 


come, yLa, then F(y) > F(z), and if not yLa, then for some 
F, F(y) < F(a). 

The proof follows from relatively well-knqwn results in the 
theory of inequalities? and has been spelt out in Dasgupta, 
Sen and Starret (1972). However, it can be easily outlined. 

Taking two vectors x and y, we rearrange the elements of 
each vector in increasing order, i.e., 


aS. ..<a,, andy, <.. . <y,, 


Hardy, Littlewood and Polya (1934) have shown the following 
conditions to be equivalent. 


(1) SR @, = St y;, and for all k <n, S¥_, a, < >San 
with at least one k < n such that S?_.2,< SE iy, (3.6) 


(2) 2 can be transformed into y by a non-empty finite sequence 
of operations of the form: 


Cea ee CMS as, 
xrtt = 7% —e > x", 
fori <jande* > 0, with a,"** = a,"ifk 4i,5 (3.7) 


(3) For any strictly concave real-valued function U, 


Dhar Y (ey) < Blas U(m) (8,8) 
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These standard results in the theory of inequalities are 
exceedingly handy for Theorem 3.1 as well as for understand- 
ing the general properties of Lorenz partial orderings. It can 
be readily recognized that condition (1) is simply the state- 
ment that the Lorenz curve of y lies strictly inside the Lorenz 
curve of x. Since the Lorenz curve is computed by taking the 
percentage of income going to the bottom m per cent of the 
population, and since the total income is the same in the two 
cases, the set of inequalities simply shows that for some bottom 
m per cent of the population a lower share of income is yielded 
by «than by y, and for all bottom m per cent of the population, 
x yields no higher a share of income than y. 

This condition of Lorenz-curve ranking is equivalent to 
condition (2), which can be readily seen as a finite sequence of 
transformations transferring income from the rich to the poor, 
taking us from z to y. (This is so after interpersonal permuta- 
tions since the i-th man in x need not be the same as the i-th 
man in y.) With a quasi-concave and symmetric social welfare 
function it is not surprising that this sequence of shifts from 
the rich to the poor must imply that the social welfare from 
y would be larger than from x. 

Condition (3) takes us back to the Atkinson framework and 
shows that if y has a higher Lorenz curve than z, then any 
additive social welfare function with the same strictly concave 
U function for all individuals must yield a higher total social 
welfare in y than in x. Furthermore, since condition (3) is not 
only implied by condition (1) but also implies condition (1), 
it alao follows that not (1) implies not (3), Therefore, Theorem 
8.1 mst obviously be tv, vi, thabif not yay then a 
aultly conan U fanotion, SU (y) < SU). Te 


> quasi-concave and 
anit ena Wing a apetal cane of a alriotly ee die be" 
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Theorem 3.1 

Taking F to be symmetric and strictly quasi-concave, if for 
two different distributions 2 and y with the same total of in- 
come, yLa, then F(y) > F(z), and if not yLa, then for some 
F, F(y) < F(z). 

The proof follows from relatively well-knqwn results in the 
theory of inequalities? and has been spelt out in Dasgupta, 
Sen and Starret (1972).* However, it can be easily outlined. 


Taking two vectors x and y, we rearrange the elements of 
each vector in increasing order, i.e., 


Gye. Hy ONY, Ss SY. 


Hardy, Littlewood and Polya (1934) have shown the following 
conditions to be equivalent. 


(1) Dia @ = Di. yy, and for alk <n, YE a, < YE, y, 
with at least one k <n such that S}_,2;< S}.y, (3.6) 


(2) x can be transformed into y by a non-empty finite sequence 
of operations of the form: 


atti = ae +e <2,", 


zit? = 2% —e* > x", 


fori <jande* > 0, witha,“** = a,"ifk 4i,j (3.7) 
(3) For any strictly concave real-valued function U, 
Di-1 U (ws) < Da U(y,). (3.8) 


(4) While y is not x, nor a permutation of 2, there is a bisto- 
chastic matrix Q, such that: 
y= Qe (3.9) 


% See Hardy, Littlewood and Polya ( 1934). Through i . 
linguistic coincidence their book is called Inequalities, whieh ed 
to ‘< and >, and not to the slums and Marie Antoinette, purse 

+ In fact in that paper only strict S-concavity is assum, i 
special case is strict quasi-concavity, for a symmetric Hei ins a 
Kolm (1969), and Rothschild and Stiglitz (1972). * See also 
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These standard results in the theory of inequalities are 
exceedingly handy for Theorem 3.1 as well as for understand- 
ing the general properties of Lorenz partial orderings. It can 
be readily recognized that condition (1) is simply the state- 
ment that the Lorenz curve of y lies strictly inside the Lorenz 
curve of x. Since the Lorenz curve is computed by taking the 
percentage of income going to the bottom m per cent of the 
population, and since the total income is the same in the two 
cases, the set of inequalities simply shows that for some bottom 
m per cent of the population a lower share of income is yielded 
by x than by y, and for all bottom m per cent of the population, 
x yields no higher a share of income than y. 

This condition of Lorenz-curve ranking is equivalent to 
condition (2), which can be readily seen as a finite sequence of 
transformations transferring income from the rich to the poor, 
taking us from z to y. (This is so after interpersonal permuta- 
tions since the i-th man in x need not be the same as the i-th 
man in y.) With a quasi-concave and symmetric social welfare 
function it is not surprising that this sequence of shifts from 
the rich to the poor must imply that the social welfare from 
y would be larger than from z. 

Condition (3) takes us back to the Atkinson framework and 
shows that if y has a higher Lorenz curve than x, then any 
additive social welfare function with the same strictly concave 
U function for all individuals must yield a higher total social 
welfare in y than in x. Furthermore, since condition (3) is not 
only implied by condition (1) but also implies condition (1), 
it also follows that not (1) implies not (3). Therefore, Theorem 
3.1 must obviously be true, viz., that if not y Lz, then for some 
strictly concave U function, 2,U(y;) < 2,U (x,). This Atkin- 
son case being a special case of a strictly quasi-concave and 
symmetric F function, it is clear that if not y Zz, then for some 
admissible F, F(y) < F(x). So only the first part of the 
theorem remains to be proved. 

Condition (4) is the only one with some technical content. 
A bistochastic matrix is a square matrix, all of the entries of 
which are non-negative and each of the rows and columns of 
which adds up to one. Multiplying a vector « by a bistochastic 


fs 
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matrix Q converts it into another vector y, which also has the 
Same sum of its elements taken together. A special case of a 
bistochastic matrix is a permutation matrix which simply re- 
orders the elements of a vector, i.e., permutes them. It is well 
known that any bistochastic matrix of order n is some convex 
combination of the set of permutation matrices of order n.° 
With P being any permutation matrix we can obtain Q from 
the set of such permutation matrices thus: 


Q =), a,P*, ¥, a, = 1 and each a, >0. (3.10) 


Therefore, y lies inside the convex hull of the permutations of 
, i.e., in the convex hull of the set (P%x) for all s. But y is 
not an extreme point of this convex hull. So y can be obtained 
4s a convex combination of the set of permutations of x, which 
themselves are socially indifferent to each other, by virtue of 
symmetry. It follows immediately that for any strictly quasi- 
concave F satisfying symmetry :® 


F(y) > F(z). (3.11) 


Intuitive explanation 

The last result indicates that if y has a higher Lorenz 
curve than a, then it must yield a higher social welfare 
than x for all symmetric, strictly quasi-concave group welfare 
functions. The last part of the proof, which is the only technical 
bit, may, however, be understood intuitively quite easily by 
considering the three person case. Diagram 3.3 presents such 
a picture with the three axes representing the income of the 
three individuals. Viewing the picture as a three-dimensional 
one (some exercise of imagination is certainly called for here) 
the shaded triangle A BC can be seen to be a portion ofa plane 


5 3 ‘ : 
eee Berge (1963), p. 182, on the ‘Theorem of Birkhofg and von 
® Strict S-concavity is defined in the followi y iB " 
concave if and only if for all bistochastic Taatecss ahs Flax) = unetly S- 
is not x, nor a permutation of it. (3.11) follows directly from (2), if Qa 
strict S-concavity and strict quasi-concavity is not really ne (3.9) given 
Dasgupte, Sen and Starrett (1972). Note, however, that = can oe Cf. 
tation of x without Q being a permutation matrix, ® permu- 


Neu- 
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caught between the three axes and lying slanted in this three- 
dimensional diagram with the characteristic that for any 
point on it the sum of its coordinates equals unity (i.e., it is 
the so-called ‘unit simplex’). 

Consider, now, this triangle A BC on its own (Diagram 3.4). 
The distribution 2 will be a point on this triangle, assuming 


| Ys 


} 


DiaGRaM 3.3 
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that the total income to be distributed is unity, which is just & 
matter of choosing units. It is clear that in the three-dimen- 
sional case there are six distributions of income which are 
exact interpersonal permutations of the distribution x, and 
they are represented as the six corner points of the hexagon 
drawn through x. The point y will lie inside this hexagon.” 
Thanks to the assumption of symmetry, social welfare from 
all the permutations of z must be the same, and y is a weighted 
average of these permutations. It is, therefore, easy to see that 
by virtue of the welfare function F being strictly quasi-con- 
cave y must have a higher social welfare than x. This really is 
the main content of Theorem 3.1, since it completes the 
demonstration of the equivalence of having a higher Lorenz 
curve and yielding a higher level of social welfare, for the same 
total of income, irrespective of the welfare function chosen, 
as long as it is symmetric and strictly quasi-concave.® 


Variable population 


There are, however, several reasons for taking the signifi- 
cance of Theorem 3.1 with a pinch of salt, since it is based on 
a very restrictive model. One restriction obviously arises from 
the fact that we are assuming that the number of people in- 
volved in the two distributions is exactly the same. This will 
hardly ever be the case, no matter whether we are making 
inter-country comparisons, or inter-region comparisons with- 
in the same country, or inter-temporal comparisons in the 
same country or region. There is a need for extending the 


7 This is equivalent to noting that y, which can be obtained from x 
through being multiplied by a bistochastic matrix, is a convex combinati 
of the permutations of the distribution x. mare 

® Non-intesecting Lorenz curves have been 
country and inter-temporal comparisons. If the 
log-normal type, then non-intersection must 
and Brown, 1957). The log-normal form gives g 
though for high levels of incomes as such the be: 


ip Averages where. 
® person-by-pergon 


basis. There is, therefore, need for caution in facing the usual Lorenz curves 


armed only with Theorem 3.1. 
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results presented in Theorem 3.1 to the case of variable popu- 
lation. This, as it happens, is not a very difficult thing to do 
provided we accept a relatively unobjectionable assumption. 

Consider two countries with exactly identical populations 
and income distributions. Obviously they both must have the 
same level of social welfare and the same per capita welfare. 
If we now consider the two countries together rather than 
separately it stands to reason that they must continue to have 
the same per capita welfare, since nothing has changed except 
that the two are now considered together rather than separ- 
ately. Generalizing this reasoning, we can put forward an 
axiom in the following form, denoting the social welfare func- 
tion for a community with n people as: 


W = Fy. - -Yn)- (3.12) 
The Symmetry Axiom for Population (SAP): For any in- 
come distribution (y;,. . ., ¥,), consider the distribution 


over mr people such that x, = rg, =. . - = %1 = Yy for 
1 <i <n, withr any integer. Then 


F*(2) = rF*(y). (3.13) 


What this axiom demands is simply that if r countries with 
the same population and identical income distributions are 
considered together, then the mean welfare of the whole must 
be equal to the mean welfare of each part. This would seem to 
be an undemanding axiom. 

Given this axiom, however, the Lorenz-curve result can be 
extended to the case of variable population.® 


Theorem 3.2 

Let y! and y? be two income distributions with the same 
mean income over population sizes n+ and n? respectively and 
let y+ Ly?. Each F" is symmetric and strictly quasi-concave 
and satisfies SAP. Then (F™/n?) > (F*"/n?). And if not y*Ly?, 
then for some symmetric and strictly quasi-concave welfare 
functions satisfying SAP, (F™ /n!) < (F**/n?). 

® Strict quasi-concavity can be replaced by strict S-concavity; see 
Dasgupta, Sen and Starrett (1972). 
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that the total income to be distributed is unity, which is just a 
matter of choosing units. It is clear that in the three-dimen- 
sional case there are six distributions of income which eal 
exact interpersonal permutations of the distribution x, an 
they are represented as the six corner points of the hexagon 
drawn through x. The point y will lie inside this hexagon. 


Thanks to the assumption of symmetry, social welfare an 
all the permutations of x must be the same, and yis a weighte 
average of these 


permutations. It is, therefore, easy to see that 
by virtue of the welfare function F being strictly quasi-con- 
cave y must have a higher social welfare than x. This really is 
the main content of Theorem 3.1, since it 
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results presented in Theorem 3.1 to the case of variable popu- 
lation. This, as it happens, is not a very difficult thing to do 
provided we accept a relatively unobjectionable assumption. 

Consider two countries with exactly identical populations 
and income distributions. Obviously they both must have the 
same level of social welfare and the same per capita welfare. 
If we now consider the two countries together rather than 
separately it stands to reason that they must continue to have 
the same per capita welfare, since nothing has changed except 
that the two are now considered together rather than separ- 
ately. Generalizing this reasoning, we can put forward an 
axiom in the following form, denoting the social welfare fune- 
tion for a community with people as: 


W = Fy... 5 Yn): (3.12) 
The Symmetry Axiom for Population (SAP): For any in- 
come distribution (y, . . -, Yn), consider the distribution x 


over nr people such that x, = ty =. .- = 21 = Yu for 
1 <i <1, with any integer. Then 


F™ (x) = rF*(y). (3.13) 


What this axiom demands is simply that if r countries with 
the same population and identical income distributions are 
considered together, then the mean welfare of the whole must 
be equal to the mean welfare of each part. This would seem to 
be an undemanding axiom. 

Given this axiom, however, the Lorenz-curve result can be 
extended to the case of variable population.® 


Theorem 3.2 

Let y? and 7? be two income distributions with the same 
mean income over population sizes n* and n* respectively and 
let y+ Ly?. Each F is symmetric and strictly quasi-concave 
and satisfies SAP. Then (F*'/n*) > (F*/n?). And if not y*Ly?, 
then for some symmetric and strictly quasi-concave welfare 
functions satisfying SAP, (F™ [n3) < (FP |n?). 

® Strict quasi-concavity can be replaced by strict S-concavity; see 
Dasgupta, Sen and Starrett (1972). 
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The proof of this theorem is not difficult to devise. Consider 
@ country with a population size of n1n2. Let it have an income 
distribution exactly like y* with each member in that distribu- 
tion being replicated n? times. Consider a second hypothetical 
country with nn? population size with an identical distri- 
bution to that of y2, each member of the latter being replicated 
n* times. Obviously hypothetical country 1 and hypothetical 
country 2 both have exactly the same Lorenz 
yrespectively,!° andif y Ly? 
has a higher Lorenz curve th 
the hypothetical countries h 
tion and the same total inc 
the social welfare of hypot! 


curves as y’ and 
,then hypothetical country 1 also 
an hypothetical country 2. Both 
ave, of course, the same popula- 
ome. Therefore, by Theorem 3.1 


hetical country 1 would be larger 
than the social welfare of hypothetical country 2. Now, we 


know from the symmetry axiom that the mean welfare of 
hypothetical country 1 must be the same as the mean welfare 
of actual country 1 and the mean welfare of the hypothetical 
country 2 must equal the mean welfare of actual country 2. 
Thus country 1 must havea higher mean welfare than country 
2, which proves the first part of the theorem. The second part 


of the theorem follows from a similar constru ction, again using 
Theorem 3.1. 


Mean income variations 


This extension takes care of the 
tion. Lorenz-curve rankings seem 
parisons of mean welfare even w 
variable. However, the problem. 
remains. It would, of course, be 
in a similar way to that of var 


will not be, since welfare may 
to the size of income. It is 


making distributional judgements independently of the Size of 


10 There is, in fact, some ambiguity as to how we define Lorenz curves in 
the discrete case. For our purpose we can plot the Lorenz Points for each 


discrete number of people and connect them by straight lines. 
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income will make sense only if the relative ordering of welfare 
levels of distributions were strictly neutral to the operation 
of multiplying everybody's income by a given number. We 
might not, however, wish to make this assumption, since our 
judgement about social welfare may not be scale-independent 
in this sense. Thus, the problem of extending the Lorenz 
partial ordering to cases of variable mean income is quite a 
serious one, and this—naturally enough—restricts severely 
the usefulness of this approach. 

Since the art of practical economics often involves compro- 
mises it may be necessary sometimes to make Lorenz-curve 
comparisons for countries with different mean income, but it 
must be borne in mind that in reading welfare implications in 
such comparisons in the light of Theorems 3.1 and 3.2, one 
would have to bring in some symmetry axiom for income, 
which may not be particularly justifiable. 


Non-compulsive judgements 

This question relates generally to the case for viewing the 
usual income-distributional comparisons as ‘non-compulsive 
judgements’. Anon-compulsive judgement indicates the belief 
that there is a reason for acting in a certain way and that there 
is a prima facie case for that action. But it is not a compelling 
recommendation, and contrary reasons could be produced.1* 
The fact that one distribution has a higher Lorenz curve than 
another can be taken to constitute a prima facie case that it is 
a better distribution from the welfare point of view. Of course, 
contrary arguments may exist, and variation of mean income 
may well be one such. But it seems reasonable to demand that 
someone rejecting the Lorenz results on these grounds must 
specify how he expects the differences in mean income to affect 
the distributional judgements from the welfare point of view. 
While the Lorenz ranking is not in itself compelling, the onus 
of demonstration may well be thought to lie on the person 
wishing to reject this ranking on other grounds. 


11 ‘The distinction between ‘compulsive’ and ‘non-compulsive’ judgements 
is presented and analysed in Sen (1967). 
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Descriptive content 


It should also be said in defence of the Lorenz peaeeney 
that the purely descriptive content of the Lorenz aie 
ordering is also not negligible. First of all, for the simple ca 
of the same population size and the same total income, it ve) 
be recalled that the equivalence of conditions (1) and ( z 
outlined earlier means that y's having a higher Lorenz curv’ 


than x implies that one can transform z into y by shifting in- 
come from the rich to the 


poor. This is an unambiguous eae, 
in which income distribution must be thought to be more a 
in y than in x. Even without bringing in anything about pee 
fare, a transfer from the rich to the poor must mean descrip- 
tively that the level of inequality has gone down, and thus & 
higher Lorenz curve m 


ust mean less inequality even in the 
purely descriptive sense, 


he same picture is brought out also by Diagram 3.4 where 
y can be seen to be lyi i 


Ositive, as opposed to 


in Diagram 3.4 


: © could, of course, still 
say that while y represents a more equal relative distribution 
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than x from a descriptive point of view, the relative impact on 
welfare of the inequality level, low as it is, of y may still be 
larger than the consequence of the relatively higher level of 
inequality of x, because of differences of mean income. We 
would then be dissociating the measure of inequality from the 
judgement of its welfare implications. 

As I have tried to outline earlier, income-distributional 
measures have thesetwo distinct butinterlinked features. Even 
in normal communication both the normative and positive 
aspects can be observed in the use of the concept of inequality. 
While the Lorenz relation catches both aspects, it seems to 
take a firmer grip of the descriptive aspect than it does of the 
normative, especially when the mean income level varies. 


Inequality quasi-orderings 

The Lorenz dominance relation yields a partial strict 
ordering. I had begun this chapter by arguing that there is a 
good general case for expressing our judgements on inequality 
in the form of quasi-orderings. What is the precise difference 
between a partial strict ordering and a quasi-ordering ? The 
answer is: Not very much, but a quasi-ordering is ‘reflexive’, 
which a strict partial ordering is not, and the latter is ‘asym- 
metric’, which a quasi-ordering is not. Stripped of the techni- 
calities this means roughly that a quasi-ordering is a relation 
like ‘at least as unequal as’, whereas a strict partial ordering 
is one like ‘more unequal than’.!* It is, of course, obvious that 
a slight extension will permit us to get a quasi-ordering out of 
the Lorenz partial ordering. What is perhaps more interesting 
is the fact that in the process the conditions imposed on the 
form of the group welfare function can also be relaxed further. 

Being concerned with the weak inequality relation ‘at least 
as unequal as’, we look now for the welfare ranking ‘being 
at least as great as’ and not for the relation ‘greater than’, i.e., 

12 Note that the former is ‘reflexive’ in the sense that any distribution x 
is, of course, ‘at least as unequal’ as itself, and not ‘asymmetric’ in the 
sense that x being ‘at least as unequal’ as y does not preclude the possibility 
that y may also be ‘at least as unequal’ as z, since the two distributions 
may be judged to be equally unequal. For ‘more unequal than’, the opposite 
holds, 
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we are interested in conditions that yield F(y) > F(x) and 
not also F(y) > F(x). This permits an immediate extension 
of the permitted class of group welfare functions from strictly 
quasi-concave ones to those simply quasi-concave (irrespective 
of whether they are strictly so or not). 

Let yRx stand for either yLa, i.e., y being Lorenz-superior 
to x, or z and y being identical distributions. The latter we 
include to permit reflexivity of R, but we do not of course rule 
out the possibility that two distributions may be judged to be 
‘equally unequal’ despite not being identical distributions. 


Theorem 3.3 
Ris a quasi-ordering and furthermore y Rz implies that: 
for all symmetric and quasi-concave F: F(y) > F(z). 


It is obvious that R is reflexive and transitive. The rest of 
the proof follows from the weak set of equivalent inequalities 
corresponding to (1)-(4) used in proving Theorem 3.1 above,!% 
and it need not be spelt out here." 

The judgement that R provides on inequality seems to be 
very broad-based indeed. From the purely descriptive point 
of view if yRz then y can be obtained from zx either by per- 
muting incomes between the individuals, or by a combination 
of that with a sequence of transfers of income from the richer 
to the poorer. Its normative justification is also based on very 
mild assumptions. Quasi-concavity will be satisfied if a trans- 
fer from the richer to the poorer does not worsen the welfare 
level (whether or not it improves it). This follows from the 
absence of positively anti-egalitarian values. And, of course, 
the other attractive features of Theorems 3.1 and 3.2 are re- 
tained, viz., there is no need to assume the additive framework 
of utilitarianism, or even additive separability, or for that 
matter an ‘individualistic’ group welfare function, 

33 In fact, the original versions used in Hardy, 
(1934) were the weak ones. 

14 Note also that Theorem 3.3 can be extended to the case of, S-concavity 
instead of requiring quasi-concavity. Further, strict S-concavity is no 


longer needed. S-concavity is defined as F(Qz) > F(z) for all bistochastic 
matrices Q. 


Littlewood and Polya 
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But there are gaps in this picture of normative solidarity. 
First, the idea that social welfare is a function of money in- 
comes only is itself a very restrictive one. Consider the same 
distribution of money incomes, with a change in prices. Even 
if the price index, defined as some kind of a weighted average, 
remains the same, still the effective distribution of purchasing 
power can now be different, since price changes have a differ- 
ent impact on different people in view of the variation (i) in 
the tastes and (ii) in the money income levels of different 
persons. The former is obvious enough, but the latter is also 
easily seen. Even when everyone has the same tastes, if the 
price of food goes up a poorer person’s welfare level goes down 
relatively more, since food represents a bigger part of his 
budget. 

Second, variations of income may effectively limit the 
applicability of Theorems 3.1-3.3, for reasons that have al- 
ready been spelt out. How should comparisons be made when 
the mean income level varies ? 

Finally, there is the question of the appropriateness of the 
symmetry property of the group welfare function and the 
assumption of equal needs. In Chapter 1 the relaxation of this 
assumption was shown to have crucial effects, but in the 
theorems covered in this chapter we have stuck to this axiom 
like a leech. I shall postpone further discussion of this last 
problem until the next chapter, when the concepts of deserts 
and needs will both be reviewed. But I intend to go into the 
first two problems now. 


Price variations and inequality 

The complexity caused by price variations may be taken 
up first. This is undoubtedly an important question, but we 
must try to avoid being mesmerized by its nihilistic preten- 
sions. Indeed, the possibility of price variations, which is vir- 
tually always present in any comparison of two different situa- 
tions, has frequently been used to rule out welfare judgements 
altogether and has thus been an effective means of terrorizing 
the egalitarian. But the analytical picture is, in fact, by no 
means so clear. 
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Consider an observed situation with the vector of money 
incomes y and the vector of prices p. Each pair (y,, p) gives 
us the money income of person i as well as the prices at which 
he has spent that income. Evidently his welfare can be 
thought to be given by a utility function based on (Yu P); 
in the absence of externalities, and more generally by a func- 
tionof (y, p)even when personi isaffected by the wellbeing and 
consumption of others. Social welfare can be defined over 
(y, p) either directly or through the intermediary of individual 
welfare levels,15 

More generally, social welfare judgements can take the form 
of a ranking relation B defined over the set of pairs of (y, 2). 
Tf (y, p') is regarded as at least as good as (x, p?), we can write: 


(y, p*) B (x, p?). (3.14) 


The relation B can be expected to be reflexive and transitive, 
ie., to bea quasi-ordering. If B is also complete then the social 
welfare ranking would be an ordering. Given that, and with 
some additional assumptions,1® we can define social welfare 
W as a real-valued function H(y, p). 


W = Ey, p). (3.16) 


If welfare judgements are not easy to make given the com- 
plexity of price comparisons, B may not be complete. It is one 
thing to say that we can make social welfare judgements based 
on y and p; it is quite another to say that we shall find it easy 
to formulate such judgements. Frequently they will be particu- 
larly difficult to make.17 In some cases the contrast may be so 


15 Formally, each (y, p) is an element of the Cartesian product of the set 
of n-vectora of money incomes and the set of k-vectors of prices, when there 
are n people and k commodities. 

4° Cf. Chapter 1, footnote 7. 

17 For a penetrating analysis of the general question of distributional 
judgements in a many-commodity world, see Fisher (1956) and Kenen and 
Fisher (1957). Note that the Fisher-Kenen analysis proceeds on the basis 
of k x n distribution matrices in which there are k goods and n People 
(with no direct use of information on prices), whereas the system used here 
relates such judgements to the money income n-vector and the price 
k-vector (without information on the interpersonal distribution of the 
physical commodities). 


INEQUALITY AS A QUASI-ORDERING 67 


glaring that the ranking may be extremely easy, but this may 
not be so in other cases. It may be, therefore, advisable to 
take B to be a quasi-ordering rather than assume it to be an 
ordering. 

A very serious difficulty lies in the fact that frequently wel- 
fare judgements may have to be made without any clear know- 
ledge of the relevant price vectors. Typically, distributional 
judgements are made with only a modicum of knowledge about 
the prices that are ruling. Would it be correct to assume that 
such judgements made in the absence of precise information 
on prices must be completely arbitrary ? This need not be the 
case at all. Often we may have a reasonably clear idea of the 
range within which the vector of prices may lie even though 
we may not know the exact price vector, and we may commit 
ourselves only to those judgements which would hold for all 
price vectors within that range. 

Formally, let A be the set of possible price vectors and define 
the binary relation J as: ; 


yJa if and only if 
[For all p?, p? in A: (y, p*) B (a, p*)] (3.16) 


The following result is of some interest. 


Theorem 3.4 

If B is transitive, then so is J. If B is an ordering, then A 
being a unit set is sufficient but not necessary for J to be an 
ordering. 

The result is quite straightforward. If for all p’, p?, p°, p* 
in A, (y, p*) B (x, p?) and (z, p°) B (y, p*), then obviously for 
all p}, p?, in A, (z, p') B (2, p*), given the transitivity of B. So 
J is also transitive. If A is a unit set, then J must also be re- 
flexive. Further, since B is complete if it is an ordering, clearly 
with only one p in A, J must be complete too. On the other 
hand, let there be only there alternatives (2, y, 2), and say 
(y, p) B (x, p?) and (z, p®) B (y, p*), for all p*, p?, p®, p* in A. 
Thus, (z, y, x) is a J-ordering despite A not being necessarily a 
unit set. 


68 INEQUALITY AS A QUASI-ORDERING 


Note that J is not necessarily reflexive and therefore may 
not be a quasi-ordering. Two identical money-income distri- 
butions may indeed not be socially as good as each other if 
prices differ. In fact, two identical distributions of money 
income would typically be ranked differently depending on 
the prices ruling in each case, and we may not be able to say 
much without knowing the prices. On the other hand, if one 
distribution involves a much higher extent of concentration 
than another, it may be possible to be sure that its welfare 
value would be less than that of the other within a fairly wide 
range of price variations. 

The transitivity of J is an interesting property. If we define 
Btobe asymmetric, as we well might, thenJ would be a ‘strict 
partial ordering’. How extensive J would be would, of course, 
depend on the range defined by the set A of possible price 
vectors as well as on the relation B. The more complete the 
price information and the more extensive B is, the more 
extensive would J tend to be. What is most important to 
Tecognize is that the choice is not of all-or-none type, and some 
systematic welfare judgements on money-income distributions 
with incomplete price information may be still possible. 

The real trouble lies with defining the same level of real 
income, separating out the problem of distribution from that of 
the size of the total income. This is an old problem and has 
been much discussed in the literature of welfare economics.18 
If one considers distributions of the same level of money in- 
come with different prices, it is tempting to distinguish be- 
tween two elements in the welfare variation, viz., (i) that due 
to differences in the aggregate real income, and (ii) that due to 
differences in the distribution of that income. There is, how- 
ever, no uniquely appropriate method of doing the split up, 
and the arbitrariness of the pure distribution problem is just 
the ‘dual’ of the much-studied arbitrariness of real-income 
comparisons. 

Nevertheless, for any given definition of real income, we can 
apply distributional judgements within that framework, Ifx 
and y are two money-income distributions that are judged to 

+® See Samuelson (1950). 
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have the same total real income, then yBx can be identified as 
reflecting that y is a better distribution than x. If we are uncer- 
tain of the price vector, we can relate distributional judgements 
to the strict partial ordering J.1° Any such judgement would 
be conditional on a particular method of real-income com- 
parison, but it can scarcely be otherwise. The problem of 
distribution of a ‘given’ real income clearly must depend on 
the definition of real income. 


Variations of mean income 

I turn now to the problem of the variation of mean income. 
The usual descriptive measures of inequality—such as the 
Tange E, the relative mean deviation M, the coefficient of 
variation C,, the Gini coefficient @, or the standard deviation of 
logarithms H—all concentrate on relative variations of income. 
Among the descriptive measures studied in Chapter 2 only the 
variance V was not mean-independent. However, the norma- 
tive measures presented in that chapter all operated on the 
Same mean income, and measures D, A, and N, were all cast 
in this narrow framework. Can these measures be made mean- 
independent? And should we wish to do this? 

Because of its dependence on the convention of utility 
scaling, Dalton’s measure D may be thought to be inferior to 
Atkinson’s A. The measure NV is, however, more general, since 
it is not based on the restrictive assumption of additive 
separability. But, for the same reason, its general properties 
are more difficult to specify than those of A. In fact, the con- 
dition that the measure NV be independent of mean income 
and be dependent only on the relative distribution of income 
does not yield any very obvious pattern, whereas the same 
condition when imposed on the additive structure of Atkin- 
son’s measure A with identical individual U functions immedi- 
ately yields a straightforward pattern for the welfare function. 

1° It might be wondered whether there is not & contradiction in assuming 
that prices are known for determining whether the real income is the same 
but not for using welfare judgements B. But the prices relevant for the two 
exercises are not the same, and real-income comparisons are partly @ 


una of pure convention whereas welfare judgements require very specific 
price information for each year. 
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It is easily checked that A will be independent of the level of 
mean income if and only if the individual utility function U 
takes the following form :2° 


U(y:) = ky + (afar) (44)%, (3.17) 


where k, and kz are two constants, and the elasticity « must 
be less than or equal to 1 for the concavity of the U function. 
This constant elasticity form is obligatory if social welfare 
takes the utilitarian shape of being additive on identical U 
functions. While the case is rather restrictive, as Atkinson 
(1970) notes, the group welfare function is still capable of 
varying from the one extreme of being linear on individual 
incomes, thereby ranking distributions solely according to 
total income (for « = 1), to the other extreme of ranking 
distributions solely according to the minimum income level 
min,{y,} and ignoring the other incomes (for « = —oo).3# 
Despite this pleasing robustness, the fact remains that 
(3.17) is a highly restrictive form. It also corresponds to the 
very limited case of the additive group welfare function, the 
weakness of which T have tried to discuss earlier. Whatis really 
restrictive, however, is the condition itself, viz., the require- 
ment that the inequality measure should be independent of 
the mean income level. One can argue that for low income 
levels the inequality measures should take much sharper note 
of the same degree of relative variation on the ground that 
inequality pinches most when people are closer to starvation. 
On the other side, I have heard it argued chat equality is og 
‘luxury’ that only a rich economy can ‘afford : and while I 
cannot pretend to understand fully this point of view, I am 
impressed by the number of people who seem to be Prepared 
to advocate such a position. Though the considerations pana 
opposite directions, that in itself is no justification for making 


: 5 i Atkinson notes, essenti- 
2° Seo Atkinson (1970 ) p- 251. This result is, as ‘ 
ally a Mita eieton oe Beogaill derived by Pratt Ces aes (1985) 
for the theory of risk bearing. For the case of a = 0, Eh 
lo; 5 justi 
B.( ae e latter corresponds to the criterion of justice proposed by Rawls 
(1971). 
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the inequality measure independent of the level of mean 
income. 

Weare caught in a bit of a dilemma here. Making inequality 
measures independent of the mean income seems objectionable, 
but no alternative general assumption about the relationship 
of the mean income to these measures seems to be acceptable 
to all. Also, quantitative specification of the extent of the 
dependence on the mean income would bring in division even 
within a camp that may be united on the direction of the 
dependence and only on the direction. 


Description and non-compulsive judgements 

As discussed earlier, a possible alternative is to use mean- 
independent measures as prima facie but tentative measures 
of inequality, but to supplement them with other considera- 
tions that relate systematically to the level of mean income. 
This supplementation can be done in one of two ways. First, 
it may be possible to argue that while distribution x is more 
unequal than y according to some mean-independent measure, 
since y involves a lower mean income than x, maybe y repre- 
sents more ‘real’ inequality. A second alternative is to be un- 
ambitious from the normative point of view as far as the 
measure itself is concerned, and to confine oneself to mean- 
independent inequality measures with a frank recognition 
that such measures may not have a high normative content. 
One can then argue that x may be more equal than y in the 
only sense in which the measurement is being made, but the 
telative welfare impact of inequality could be greater for y 
than for x since y corresponds to a lower mean income. The 
difference between this position and the first lies precisely in 
the extent to which inequality measures are themselves ex- 
pected to reflect the relevant normative values rather than 
being positive measures in terms of which normative judge- 
ments may be conveniently expressed. I have discussed this 
distinction earlier. 

Of course, even in this limited form a measure of relative 
inequality derived from some welfare considerations (though 
being independent of mean income) would, naturally, have 
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a normative content. This would reflect a ‘non-compulsive’ 
judgement implying a prima facie evaluation of welfare which 
should be interpreted as entailing a recommendation unless 
other arguments can be summoned against such a recommen- 
dation. In having this qualified normative aspect combined 
with descriptive features, such a measure seems also to be 
reasonably close to the non-technical concept of inequality as 
employed in normal communication. 


Intersection quasi-orderings 


Turning now to the descriptive side, it is significant tonote 
that the alternative indicators tend to involve some conflicts 
and some corroboration of each other. We can sort out the 
picture of partial correspondence by taking the intersection of 
the set of chosen measures. When there are k criteria, O/ for 


jJ=1,...,k,each yielding a complete ordering, we can define 
their intersection Qas: 
yQzx if and only if 
(for allj =1,. . ., k: yO). (3.18) 
Theorem 3.5 


Qisa quasi-ordering, ¢ 
This is readily checked, since the reflexivity of Q is not in 
doubt given the reflexivity of each C’, and transitivity of Q 
follows from the fact that if 204y and yC%x for all j, then zC’x 
for all j, given the transitivity property of each C/. i 
Such an intersection quasi-ordering has the advantage o: 
avoiding exclusive reliance on any particular measure and on 
the complete ordering generated by it which reflects its arbi- 
trary features. On the other hand, Q might be rather severely 
incomplete and precisely how incomplete would depend on the 
extent to which the various C/ measures conflict. Some com- 
parisons would yield definite results while others vedi not. 
The point may be illustrated by the quasi-ordering of income 
distributions in five countries, viz., the U.K., the U.S.A,, 
Mexico, Ceylon, and India shown in Diagram 3.5, based on 
three measures, viz., the Gini coefficient, the coefficient of 
variation, and the standard deviation of logarithms.22 
22 ‘The data are taken from Table 1 in Atkinson (1970). 
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The U.K., the U.S.A., Ceylon and Mexico can be put ona 
simple ordering in terms of Q, but India brings out the incom- 
pleteness in being non-comparable with the U.S.A. and Cey- 
lon, though it has a more unequal distribution than the U.K. 
and a less unequal one than Mexico. In particular, India seems 
to have a lower Gini coefficient and a lower standard deviation 


Quasi-ordering based on C, G and H 
DIAGRAM 3.5 


of logarithms than Ceylon but a higher coefficient of variation, 
and similarly it has a higher Gini coefficient and a higher co- 
efficient of variation than the U.S.A. but a lower standard 
deviation of logarithms. 

Would Q be more extensive than the Lorenz relation L or 
the weak version of it, R? Or less so? Hither is possible. 
Obviously the three criteria C, G, and H together cannot 
guarantee that the Lorenz relation will go the same way. This 
is obvious since the Lorenz relation requires that n inequalities 
be satisfied when x is the population size.?° The three rankings 
C, @ and H will yield only three inequalities, and that can 
hardly cover it. 


23 See inequalities (3.6) in the proof of Theorem 3.1. 


74 INEQUALITY AS A QUASI-ORDERING 


On the other hand, the Lorenz relation cannot subsume the 
set of three descriptive criteria, since they do not all have the 
required concavity properties. The coefficient of variation C 
is concave, but the Gini coefficient @ is not strictly quasi- 
concave, but just quasi-concave. G does not, however, conflict 
with the Lorenz relation, but the standard deviation of logar- 
ithms H does, as can be readily checked.?*Q based on the inter- 
section of C, G, and H thus neither subsumes the Lorenz 
relation, nor is it subsumed by it. 

Obviously Q has a strong element of arbitrariness, since the 
choice of the set of C! to be used would reflect some kind of rule 
of thumb, but as an approach that of an intersection quasts 
ordering opens up a new set of possibilities. In eschewing 
exclusive reliance on any one measure and on the complete 
ordering generated by it, Q restrains the arbitrariness of such 
measures. Since each of the measures chosen for deriving Q 
has some merit though also some deficiencies which are not 
shared by the other measures (see Chapter 2), their inter- 
section Q combines many relevant features and helps to sort 
out the relatively less controversial rankings from those that 
are more doubtful. In fact even the three measures mentioned 
yield a quasi-ordering that turns out to have quite a bit of 
cutting power; it is a matter of some empirical interest— 
though not of any great analytical significance—that the Q 
generated by the intersection of these three criteria for the 
twelve countries for which Atkinson (1970) presents data 
Temains completely unchanged when the set of O! is expanded 
to include Atkinson’s three normative measures (‘equally 
distributed equivalent’) as well.25 


*« The welfare function corresponding to H is not strictly ee 
which is the necessary and sufficient condition for phe orem Tanking to)be 
& sub-relation of H. On the other hand, @ és strictly iio tae 

25 However, tho quasi-ordering Q generated by ies An A) ar tiv 
measures shrinks when Q is made to take note 0 ae are wave 
measures as well. That is, the intersection of the descrip aye measures is a 
sub-relation of the intersection of Atkinson’s three Berne ive measures, 
but not vice versa. Note, however, that the three Bee @enane the 
values of which are given by Atkinson are all of oe aaa 7m of (3.17) 
and differ only in values of «. If a wider class 0 ie © measures aro 
considered, their intersection would tend to be smaller. 
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A less uptight framework 

T have tried to argue in favour of weakening the inequality 
measures in more than one sense. First of all, the mixture of 
partly descriptive and partly normative considerations weak- 
ens the purity of an inequality indox. A purely descriptive 
measure lacks motivation, while a purely normative measure 
seems to miss important features of the concept of inequality. 
Some alternative ways of combining normative and descrip- 
tive considerations have been considered. 

Second, even as normative indicators the inequality meas- 
ures are best viewed as ‘non-compulsive’ judgements recom- 
mending something but not with absolutely compelling force. 
This has implications in terms of the treatment of inequality 
rankings as prima facie arguments and permitting situation- 
specific considerations to be brought into the evaluation if 
such supplementation is needed. 

Third, a number of reasors for taking inequality rankings 
as quasi-orderings rather than as complete orderings have been 
suggested. One reason is the uncertainty about the welfare 
function to be used in the normative approach. Another is 
uncertainty about prices and real income, as well as the 
general difficulties of forming distributional judgements in a 
multi-commodity world. If we wish to incorporate dependence 
on the mean income into the measure itself (this is not, of 
course, the only way of handling the problem), then that too 
would push us in the direction of incompleteness, requiring 
abstention from ranking inequalities when the mean income 
differences are large and significant. 

Even the descriptive measures, each of which yields a com- 
plete ordering, point collectively towards incomplete quasi- 
orderings. The intersection of these rankings tends to separate 
out relatively simpler comparisons from the more complex 
ones. 

The very notion of inequality seems to have this quasi- 
ordering framework. The concept is not geared to making fine 
distinctions and comes into its own with sharper contrasts. 
This is also suggested by the relation—discussed earlier— 


76 INEQUALITY AS A QUASI-ORDERING 


between the idea of inequality and the inclination to protest 
and rebel. 

Treating inequality as a quasi-ordering has much to be 
commended from the normative as well as the descriptive 
point of view. I would suspect that the empirical work in this 
field would gain in meaningfulness if the all-or-none approach 
of traditional theory were abandoned and the arbitrariness of 
the usual complete orderings avoided. The glib man who can 
make inequality comparisons perfectly between every pair of 
distributions and the wise guy who finds all such comparisons 
‘arbitrary’ both seem to miss essential aspects of the concept 
of inequality. 


4. 
Work, Needs, and Inequality 


In this last chapter I should like to go into some rather broader 
issues concerning economic inequality. Inequality is some- 
times viewed in relative terms, viz., as a departure from some 
notion of appropriate distribution. There are essentially two 
rival notions of the ‘right’ distribution of income, based 
respectively on needs and desert. It is easy to recognize the 
contrast between arguments of the kind: ‘A should get more 
income than B since his needs are greater’, and those of the 
type: ‘A should get more income than B since he has done 
more work and deserves a higher reward’. Inequality can, 
therefore, be viewed not merely as a measure of dispersion but 
also as a measure of the difference between the actual distri- 
bution of income cn the one hand and either (i) distribution 
according to needs, or (ii) that according to some concept of 
desert. I shall discuss each of the two approaches in turn. 


Needs and welfare 

The concept of relative needs is, of course, closely connected 
with the pattern of individual welfare functions and the type 
of interpersonal considerations that were discussed in Chapter 
1. However, there are some pitfalls in doing the translation 
from needs to welfare. It might, for example, appear that a 
more needy man should get more out of a given income and, 
therefore, his welfare from a given level of income y should be 
higher than that of a person with less needs. But a little reflec- 
tion should make clear that the inequality should point the 
other way. Clearly one would prefer to be a person with income 
y and less needs (e.g., normal health) than a person with income 
y and more needs (e.g., a malfunctioning kidney); and in terms 
of the framework of interpersonal comparisons outlined in 
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Chapter 1 (viz., in terms of R), this means that the first person 
would have a higher level of welfare than the second. 

The Weak Equity Axiom and other equity considerations 
discussed in Chapter 1 would recommend a higher share of 


function, i.e., to a person with greater needs. It might be con- 
sidered how such needs could be determined and whether, in 
practice, greater needs could really serve as a basis for receiv- 
ing a higher share of income. Can one really identify greater 
needs in any convincing way ? 

The problem of assessing relative needs is indeed a very 


earlier chapters. This takes the form of noting, quite legiti- 
mately, a difficulty of some sort, and then constructing from 
it a picture of total disaster. Sure enough, greater needs are 


National Health Service versus medical insurances 

The rationale of medical facilities as a public service has 
been the subject of some debate in economics. The failure of 
the market to Provide insurance against medical uncertainties 
has been illuminatingly analysed by Arrow (1963), but as 
Arrow himself points out, if the insurance markets were per- 
foctly competitive, ‘those in groups of higher incidences of 
illness should pay higher premiums’. This means that those 
with a higher incidence of illness would end up with less income 
net of insurance premiums. This is, of course, precisely what 
a national health service run independently of market profit- 


1 Arrow (1963), p 205. 
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ability can avoid. But what is the rationale of avoiding it? 
Precisely the needs principle which we have been examining. 
An ill person has identifiably greater needs, and by spending 
more money on him the society would give him a greater 
effective income, which is precisely in line with the Weak 
Equity Axiom discussed in Chapter 1. 

While this is perhaps not the occasion to comment on the 
relative merits of giving ill people cash subsidies against those 
of providing them with free medical services, I would never 
the less comment briefly on an aspect of the problem which 
seems to me to touch on the question of decidability of relative 
needs. I do not wish to go into the organizational advantages 
of providing medical services through a national health net- 
work and the possible economies of large scale involved in this, 
but it is pertinent to note that the provision of cash subsidies 
opens up greater possibilities of abuse through pretensions of 
greater needs, thereby bedevilling the problem of decidability. 
When medical services are provided in kind, the link-up with 
needs is more direct and the practical problem of identifying 
needs is to that extent reduced. The national health service 
has a built-in system of attempting to match payments to 
needs, and this is of obvious relevance to any comparison of 
the merits of the two systems of compensation. 


Non-income determinants of welfare 

In taking a group welfare function of the form F(y,,. - .5 
Yn), non-income considerations of relevance to social welfare 
(e.g., sweat of work) can be brought into the picture only 
through the shape of the function F. Taking the individual- 
istic case, in which social welfare is a function of individual 
welfare levels, W(U,,. - ., U;), if it is further specified that 
each U, is a function of income only, U,(y;), or more generally 
Uy). » sYn), once again there will, of course, be no way of 
bringing considerations like variable sweat except through 
the form of the functions U,. This functional variation would, 
formally, reflect variable ‘needs’ for income of the persons 
given by their non-income characteristics. 
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For example, consider two income distributions x and y 
with identical total, over a collection of n people who are 


his favourable non-income situation.? In terms of our model 
of interpersonal comparisons, preferring to be person 2 than 


and that in its turn is taken to be equivalent to the first person 
having greater needs than the second.3 


he assumption of Symmetry in the evaluation of income 


ve to be rejected not merely 
on grounds of inherent differences in needs (e.g. some people 
being chronically ill or crippled), but also because of differences 
m non-income characteristics (e.g. particular working con- 
ditions). In a System geared to ranking distributions of in- 
come as such, considerations of this type must come under the 


2? An alternative way of handling this particular problem is to look at 
the distribution not merely of income but of utilities defined as functions 
of income and work efforts. See, for example, Kolm’s ‘leisurely equivalent 
income’ (Kolm, 1969, pp. 181-2). But, of course, there would also be other 
differences of relevance to the distribution problem, e.g., location charac- 
teristics, cultural propensities, ete. Kolm (1969) provides an interesting 
discussion of the distribution problem in a highly general setting. 

3 Note that the same would hold if person 2 had greater wealth than 
person I, i.e., it would be judged that he had less ‘need’ for income, other 
things given. 
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kroad hat of variations of needs, and would take the form 
of differences in welfare functions defined on the income 


levels. 


Variations of unidentifiable characteristics 


The historic controversy on the difficulty of interpersonal 
comparisons of welfare, and therefore of needs, took place not 
in the context of these identifiable differences of need charac- 
teristics (such as being a cripple or having terrible working 
conditions), but in that of alleged interpersonal differences 
which were not necessarily identifiable in objective terms. In 
his classic article on interpersonal comparisons Robbins (1938) 
made use of a story attributed to Sir Henry Maine in which a 
Brahmin, confronted with a Benthamite, kept insisting : ‘I am 
ten times as capable of happiness as that untouchable over 
there.’ Reflections on this argument led Robbins to the con- 
clusion: ‘I could not escape the conviction that, if I chose to 
regard men as equally capable of satisfaction and he to regard 
them as differing according to a hierarchical schedule, the 
difference between us was not one which could be resolved by 
the same methods of demonstration as were available in other 
fields of social judgement.”* 

There are two distinct elements in this line of argument. 
First, there is the question of the inherent impossibility of 
interpersonal comparisons. In support of his position Robbins 
quotes Jevons as saying: ‘I see no means whereby such com- 
parison can be accomplished. Every mind is inscrutable to 
every other mind and no common denominator of feeling is 
possible.’® I do not wish to go here into the somewhat solip- 
sistic implications of this position, nor into the undoubted 
fact that every mind is not inscrutable to every other (not even 
oriental minds, as Maine and Robbins bear out), nor into the 
relevance of the ‘common humanity’ of men for the evaluation 
of social arrangements, illuminatingly analysed by Bernard 


+ Robbins (1938), p. 636. 
5 Robbins (1938), p. 637. 
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Williams.° For our purpose it is sufficient to note that we have 
been interpreting interpersonal comparisons of welfare in 
terms of choices of being in the position of one person rather 
than that of another. Under this system ‘the common denomi- 
nator of feeling’ is not far to seek, and systematic thinking 
about it seems perfectly possible.7 

The second element in the argument arises not from the 
alleged impossibility of making interpersonal comparisons 
but from the possibility that it might in fact be held that 
Maine’s Brahmin was indeed ten times as capable of happiness 
as the other man. Two questions arise here, viz., (i) why so? 
and (ii) what then 2 Taking the second question first, if Maine’s 
Brahmin were right and if his statement were interpreted to 
mean that he indeed had ten times as much welfare as the 
untouchable for any given income level, then the Weak Equity 
Axiom would immediately recommend that the Brahmin be 
given less income than the untouchable ! Maine’s Brahmin got 
away with his argument (if argument it was), only because he 
was facing a Benthamite and only because Robbins paid the 
ultimate compliment to his utilitarian adversaries by being 


° ‘That all men are human is, 
reminder that those who belong 


3 and the capacity to feel affection for others, 
» connected with the frustration of this affec- 
etc. The assertion that men are alike in the possession 
ics is, while indisputable and (it may be) even neces- 
sarily true, not trivial. For it is certain that there are political and social 
arrangements that systematically neglect these characteristics in the case 
of some groups of men, while being fully aware of them in the case of others; 
that is to say, they treat certain men as though they did not Dopects 
these characteristics, and neglect moral claims that arise from these cl ae 
teristics and which would be admitted to arise from them.’ (Williams, . 
5 vee not sure that ‘the same methods of demonstration: does not apply 
here ‘as were available in other fields of social judgement’ (Robbins 1938, 
P. 636; italics mine). The distinction that is being made is et Particularly 
clear especially since Robbins admits into his framework of ‘scientific 
foundations’ both ‘observation’ and ‘introspection’ (pp. 637 and 640). 
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able to think of no way of handling individual utilities except 
by adding them. 


Probabilistic egalitarianism 

But even within the utilitarian framework and even after 
noting that people may indeed have different utility functions, 
it can be asked: Why is it more likely that the Brahmin has a 
greater capacity for satisfaction than the untouchable ? What 
if we assume that it is as likely that this is the case as that the 
opposite holds? What then? It is to this question that Abba 
Lerner (1944) had addressed himself in dealing with distri- 
butional problems in a socialist economy. Lerner’s answer for 
distributing a given total income was that the right solution 
in such a situation was to divide it equally. Since doubts have 
been raised from time to time as to what precisely Lerner’s 
theorem amounts to and whether it is valid,® a somewhat for- 
mal presentation of the result is called for. This is not very 
difficult to give, and I have in fact presented such a formula- 
tion elsewhere (Sen 1969). What is much more important is to 
rescue Lerner’s result from its reliance on the utilitarian 
framework which we have found to be objectionable (see 
Chapter 1), and to look for a theorem that would be valid not 
only for the utilitarian case but also for others. Such a gener- 
alization is indeed possible.® 

Assumption 4.1 (Total Income Fixity): There is a fixed 
income y* to be divided among x individuals, ie., y, ++. - 
+ Yn = y*- 

Assumption 4.2 (Concavity of the Group Welfare Function): 
Social welfare W, a symmetric and increasing function of 
individual welfare levels W(U,,. . ., U,), is concave. 

Assumption 4.3 (Concavity of the Individual Welfare 


® See Friedman (1947), Samuelson (1964), Breit and Culbertson, Jr. 
(1970). 

® We are sticking to possible individual welfare functions. It is casy 
to drop this requirement (see Sen 1969), but the intuitive aspect of the 
Lerner problem is caught rather well by the case in which there are n 
persons and n individual welfare functions but it is not known who has 
which function. 
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Functions): There are n individual welfare functions 
U*(y),. . ., U"(y), and each of them is concave. 

Assumption 4.4 (Equi-probability): If p’, is the probability 
that person i has the welfare function U’, then for all jb 
P'; = py, for all individuals i, h. 


Theorem 4.1 


Given Assumptions 1, 2, 3, and 4, the mathematical expec- 
tation of social welfare is maximized by an equal division of 
income. 


Thanks to the symmetry of W, we can define a group welfare 


function W = F(y},. . »y"), in which y/ is the income going 
to the person with the j-th welfare function U 4, For any in- 
come distribution (y,,. . ., Yn), any reordering of it (y!,. . ., 


y") essentially reflects a particular assignment of individual 
welfare functions to the persons in the group. For any distri- 
bution vector y, there are n! such reorderings 9(k),k=1,.. ., 
n!, and corresponding to each k, there is a specific value of 
social welfare given by F (9(k)). Since Assumption 4.4 implies 
that each of the possibilities are exactly equally likely, the 
mathematical expectation E of social welfare is given by: 


1 
E(y) = Sela P(g). G1) 
If zis an equal-distribution vector, ie.,7;=...=2,, then 
clearly : 
E(x) = F(z) (4.2) 


By Assumption 4.1 it is obvious that: 


1 
a= al et Hk) (4.3) 


By Assumptions 4.2 and 4.3, F(.) is a concave function, and 
therefore from equations (4.1), (4.2), and (4.3), it must be the 
case that: 


E(y) < E(2) (4.4) 


Since (4.4) holds for all y, evidently Theorem 4.1 must be true. 
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Note that this result is not subject to the criticism that 
Milton Friedman (1947) made of Lerner’s welfare function by 
considering the case in which there is no ignorance: 


Suppose, further, that it is discovered . . . that a hundred persons in 
the United States are enormously more efficient pleasure machines 
than any others, so that each of these would have to be given an income 
ten thousand times as large as the income of the next most efficient 
pleasure machine in order to maximize aggregate utility. Would 
Lerner be willing to accept the resulting division of income as 


optimum. . . ?1° 


Happily, Lerner does not have to express such a willingness. 
Tn fact, he can even confine himself to the class of concave 
group welfare functions satisfying the Weak Equity Axiom, 
which would rule out the possibility that Friedman suggests 
and in fact ensure that the more efficient pleasure machine 
would be handed out less income. Even then the right distri- 
bution in a state of ignorance would be the equal one. Lerner’s 
probabilistic egalitarianism need not be based on the utilitarian 
framework at all (though it does happen to hold for that case 


as well). 


Maximin egalitarianism 

The equi-probability assumption has been subjected to 
some severe criticism. It can indeed be argued that not to be 
sure who has which utility function is not the same thing as 
assuming that every possible assignment is equally likely. 
Perhaps a more interesting assumption than Assumption 4.4 
is the following. 

Assumption 4.4* (Shared Set of Welfare Functions): For any 
person i and any utility function j, it is possible that 7 has j. 

Since nothing is now said about probability, the mathe- 
matical expectation of social welfare cannot any more be 
defined. But there are other criteria one can use, and in 


10 Friedman (1947), pp. 310-11. 
31 It may be wondered whether maximization of the mathematical 


expectation of social welfare would not be senseless in the non-utilitarian 
case. But this is not so. The simplest case to consider is a non-utilitarian F 
which is still additively separable, e.g., taking strictly concave transforms 
of people’s utilities and then adding them. 


7 aopp. 
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particular the ‘maximin’ policy of maximizing the minimal 
level of social welfare. To guarantee that the minimum exists 
for each assignment, we need some additional assumption, 
and this we do with a simple requirement (though it is, in 
fact, unnecessarily strong). 

Assumption 5 (Bounded Individual Welfare Functions): 
Each individual welfare function U! is bounded from below. 

What kind of a distribution policy would the ‘maximin’ 
strategy recommend? Once again an equal distribution, as 
was shown for the utilitarian case in Sen (1969), but the result 
is easily generalized for all concave group welfare functions 
(indeed also for all quasi-concave functions as well). 


Theorem 4.2 


Given Assumptions 1, 2, 3, 4*, and 5, the maximin strategy 
sr social welfare is to distribute income equally. 

Consider the set of all 7(k) fork =1,. . ., n!. Since F is 

quasi-concave and « is a weighted average of all such 9(k), 


spalye F(x) > Min, F(g(k)). (4.5) 


And this establishes the theorem since, « being an equal 
division, F(x) is invariant with respect to interpersonal per- 
mutations of individual welfare functions. 

Thus not only is the equal distribution an optimal policy to 
be followed if the mathematical expectation of social welfare 
is to be maximized in a situation of ignorance under the 
assumption of equi-probability, it is optimal also for the 
‘maximin’ strategy completely independently of the relative 
probability distributions.!? Since there are people who seem 


‘2 Tt is important to avoid confusion between the ‘maximin’ criterion of 
Rawls (1971), in which the level of welfare of the worst-off individual is 
maximized with no uncertainty about who has which welfare function, 
and the ‘maximin’ strategy referred to in Theorem 4.2, in which the mini. 
mal level of social welfare, which can be any concave function of individual 
welfares, is maximized in a situation of ignorance as to who has which 
welfare function. Since Rawls’s ‘maximin’ rule yields a concave grou; 
welfare function, it is covered by Theorems 4.1 and 4.2, and the results 
apply to the ‘maximin’ conception of social welfare and to the use of the 
‘maximin’ strategy within that conception. The maximin—-maximin Policy 
is still an equal distribution. 
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to like paradoxes, I leave it to them to chew over the idea 
that a ‘conservative’ policy like the ‘maximin’ yields a 
‘radical’ conclusion like absolute equality in income distribu- 
tion, but I fear I cannot recommend it as a very juicy 
paradox. 

It appears that egalitarianism may be optimal under ignor- 
ance about relative needs (and therefore about individual wel- 
fare functions), and not merely under perfect certainty with 
the same welfare function being shared by all. Results of the 
type presented in Theorems 4.1 and 4.2 have to be contrasted - 
with our observations on identified differences of welfare func- 
tions, e.g., the case of the cripple. Being sure about unequal 
needs would certainly push us in the direction of an unequal 
division of income corresponding to relative needs, thanks to 
the Weak Equity Axiom and similar requirements, but these 
axioms do not seem to provide a justification for departing 
from equality of incomes when we are not sure about relative 
needs. The two generalizations presented here of Lerner’s 
pioneering result in this field permit us to combine Lerner’s 
egalitarian conclusion with adherence to the Weak Equity 
Axiom and other requirements of equity. 


Needs principle versus the works principle 

T referred earlier to the contrast between the principle of 
distribution according to needs and that of distribution accord- 
ing to desert. The usual interpretation of desert is in terms of 
some conception of value of work done. The Marxian notion 
of ‘exploitation’ is based on the concept of ‘surplus value’, viz., 
the difference between the value added and the wages paid, 
and the ratio of the surplus value to the wages bill is taken to 
be therate of exploitation. As a general approach this certainly 
falls in the category of being desert-based rather than needs- 
based. 

While exploitation has played an important part in Marxian 
economies, it would be a mistake to think that deserts took 
priority over needs in the Marxian analysis of distribution, or 
that Marx was not clear on the distinction. In fact he made the 
distinction very sharply and accepted the ultimate superiority 


Ta 
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of the needs principle. In his Critique of the Gotha Pro- 
gramme of 1875 he took the German Workers’ Party very 
severely to task for confusing the two principles. Pointing out 
the contradiction displayed in the Gotha Programme between 
the principle of the worker's right to get ‘the undiminished 
proceeds of labour’ and that of giving ‘equal right to all mem- 
bers of society’ to the output of the society, Marx went on to 
associate the two Principles with two different phases of 
socialism. Since this analysis has been the starting point of 
many debates in the socialist literature, and since—as I would 
argue later—the same set of issues recurs systematically in the 
technical literature on optimal allocation of resources, I take 
the liberty of quoting Marx in some detail: 


What we have to deal With here is a com: 
developed on its own foundations, 
emerges from capitalist society ; whic! 
cally, morally and intellectually, 


munist society, not as it has 
but, on the contrary, just as it 
‘his thus in every respect, economi- 
still stamped with the birthmarks 
womb it emerges. Accordingly, the 
individual producer receives back from society—after the deductions 
have been made—exactly what he gives to it, . . . He receives a 
y that he has furnished such and such an amount 
of labour (after deducting his labour from the common funds), and 
with this certificate he draws from the social stock of means of con- 
sumption as much as costs the same amount of labour. 


Hence, equal right here is still in principle—bourgeois right, although 


But one man is superior to another physically or mentally and so 
supplies more labour in the same time, or can labour for a longer time; 
and labour, to serve as a measure, must be defined by its duration or 
intensity, otherwise it ceases to be a standard of measurement, This 
equal right is an unequal right for unequal labour. It recognizes no 
class differences, because everyone is only a worker like everyone else; 
but it tacitly recognizes unequal individual endowment and thus 
productive capacity as natural privileges. It is, therefore, a right of 
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inequality, in its content, like every right. Right by its very nature can 
consist only in the application of an equal standard; but unequal 
individuals (and they would not be different individuals if they were 
not unequal) are measurable only by an equal standard in so far as 
they are brought under an equal point of view, are taken from one 
definite side only, for instance, in the present case, are regarded only as 
workers, and nothing more is seen in them, everything else being 
ignored... . 

But these defects are inevitable in the first phase of communist 
society as it is when it has just emerged after prolonged birth pangs 
from capitalist society. . . . 


In a higher phase of communist society, after the enslaving sub- 
ordination of the individual to the division of labour, and therewith 
also the antithesis between mental and physical labour-has vanished; 
after labour has become not only a means of life but life’s prime want; 
after the productive forces have also increased with the all-round 
development of the individual, and all the springs of cooperative 
wealth flow more abundantly—only then can the narrow horizon of 
bourgeois right be crossed in its entirety and society inscribe in its 
banners: From each according to his ability, to each according to his 
needs !13 


The two principles contrasted by Marx correspond to two 
ways of evaluating income distribution, and while the analysis 
of ‘exploitation’ deals with desert, the analysis of equality and 
crossing ‘the narrow horizon of bourgeois right’ relate to the 
concept of needs, The historical sequencing of the two phases 
of socialism with the two respective principles of distribution 
became the standard theory of socialist evolution and was not 
re-examined very critically until the recent Chinese attempts 
at building communes on the principle of needs at an early 

- stage of socialism. The Chinese debate on the subject I shall 
comment on later, and I turn first to the relationship of 
all this to the academic literature on optimal allocation of 


resources. 


Lange-Lerner systems 
While much of the literature of optimal allocation is con- 
cerned with the achievement of only Pareto optimality (and 


18 Marx (1875), pp. 21-3. 
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therefore abstains from distributional questions), the two 
contributions on decentralized resource allocation that naa 
eered the study of the optimality aspects of price mechanis fh 
viz., the works of Oscar Lange and Abba Lerner, were oe 
concerned with the problem of right distribution. How . 
they face the conflict of the two principles outlined by ae 
Lange (1936-37) noted the contrast between the two me 
ditions involved in satisfying (i) distribution according H 
relative needs, Le., ‘the distribution has to be such that t - 
same demand price offered by different consumers represen ; 
an equal urgency of needs’, and (ii) the efficiency requiren es 
‘to make the differences of the value of the marginal produc 
of labour in the various occupations equal to the differences in 


the marginal disutility involved in their pursuit’ (p. 101). But 
L 


after taking note of the fact that ‘the disutility of any occupa- 
tion can be represented ag opportunity cost’. 

Lange seemed to be assuming equality of educational oppo!- 
tunity and training facilities which would explain much of the 
ties of different persons, As far a8 
neerned, which formed a ‘natural 
hey could be paid ‘incomes which 
‘© marginal product of their services 
ly of those services’ 14 
of some importance—and we shall 


ain later on in this chapter—there 
© was over-sj 


14 Lange (1936-37) pp. 101-2. The last of these remarks was in response 
to a criticism by Dobb (1933). 
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assume (i) the absence of short-run scarcities, (ii) complete 
equalization of educational and training opportunities, includ- 
ing in the selection process, (iii) the absence of indivisibilities 
in the educational structure, and (iv) successful avoidance of 
paymentof any ‘rent’ to natural talents. He also largely ignored 
the problem of incentives for intensive work effort, which had 
worried Marx. 

Lerner (1944) was less optimistic and felt that ‘the principle 
of equality would have to compromise with the principle of 
providing such incentives as would increase the total of income 
available to be divided’ (p. 36). But where should the line of 
compromise be drawn? This is undoubtedly one of the more 
basic problems of socialist planning faced with the conflict 
between efficiency and equality. 

Can taxes help in resolving the conflict ? The question has 
cropped up in different forms repeatedly. In particular, it has 
been asked whether one can base pre-tax incomes in line with 
efficiency and post-tax incomes in line with needs, The answer 
is: Surely one can, but then why should the people in question 
take their decisions on efforts, leisure, etc., on the basis of their 
pre-tax incomes rather than on post-tax incomes? After all, 
pre-tax income is just a facade, and post-tax income is all that 
matters. And then the conflict is back again—now related 
exclusively to post-tax incomes. 

This recognition led to a search for a ‘non distorting’ tax. 
Is there such an animal ?28 In principle it seemed that ‘lump- 
sum taxes’ could do the trick. A lump-sum tax is unrelated to 

‘ income, work, expenditure, consumption, saving, or anything 
else that a person can vary. By construction, therefore, lump- 
sum taxes cannot ‘distort’ allocation. Is this a fable ? To discuss 
this I begin with a slight detour, viz., what goes wrong with the 
income tax. 


15 If pre-tax incomes have some ‘prestige value’, the picture will be 
more complex, but since men don't live by prestige alone, post-tax incomes 
will continue to influence individual decisions. 

16 ‘This is an ancient issue in public finance, and the poll-tax has been 
much analysed. In the context of its use for socialist allocation and redistri- 
bution, see Samuelson (1947) and Dobb (1969) among others. 
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The income tax 


‘ ; ery 
The underlying problem can be explained in terms of a ae 
simple model involving one commodity, i.e., homogen 
income. The following notation is used: 


y(t) = pre-tax income of person 7 under tax system ‘i 

y(0) = pre-tax income of person 7 in the special case 0 
4 no-tax system; 

¥:*(t) = post-tax income of person i. 


tes as equivalent to a; 
be the value that worker 


But with an income tax at the marginal rate of ¢ per unit, 
0<t <1, he will equate: 

wil —t) + By a, 
(4.6) and (4.7) will be equivalent if ang only if: 


either a, = 0, or By =1 (4.8) 
se in 
Weat, 


These conditions correspond respective] 


: Y (i) to the ca 
which the person does not mind expendi 


ng effort and ¢ 
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and (ii) to the case where the person values the marginal in- 
come of others just as much as the marginal income of himself. 
Either of these conditions must be fulfilled for income tax to 
be non-distorting. But if «, > 0 and 6; <1, then the income 


tax will distort allocation. 


Lump-sum taxes 

Can this problem be avoided ? Are there taxes that will not 
have this distorting effect ? First consider a relatively simple 
case in which a person’s relative preference for income and 
leisure are not affected by his overall prosperity, though varia- 
tions of the rate of remuneration for work would of course 
affect his work decisions. 

Consider a fixed tax, ¢,, on person ¢ such that he must pay 
t, no matter what else he does (works or not, eats a lot or a 
little, or anything else) : 


t = (2, y,(0)/n] — ys(9) (4.9) 


Since the tax is fixed, the person cannot gain anything from 
varying his amount of work. Since his income-leisure prefer- 
ence is not affected by his level of prosperity, these lump-sum 
taxes leave everything completely unchanged as far as work 
and production are concerned. But the taxes (or subsidies 
since ¢, can be positive, negative, or zero) take the system from 
one of distribution according to work to one of distribution 
according to needs. 

The planners have to estimate the set of y,(0), which involves 
estimating the real capabilities of each person. There are two 
problems here, viz.; (i) the cost of collecting the information, 
and (ii) the deliberate misinformation which person i might 
try to convey to the planners. The former can be quite serious, 
and it is of particular relevance to a system geared to achiev- 
ing economy of information in the process of optimization. 
The decentralized system of the Lange—Lerner kind aims at 
reaching the optimum iteratively through trial and error with 
extreme parsimony in the transfer of detailed information. 
This problem is all the more serious when the assumption of 
invariance of income-leisure preference with respect to net 
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prosperity is dropped. The non-distorting character of the 
lump-sum taxes still survives, but in calculating t; from (4.9) 
one would have to interpret y;(0) valued not as it would be in 
the absence of all taxes, but after taking note of the impact of 
lump-sum taxes through being on a different part of the 
leisure-income indifference map. The marginal equilibrium 
given by (4.6) would still hold, and the lump-sum taxes would 
not interfere with the achievement of efficiency, but the 
calculations for (4.7) and (4.9) would be particularly complex, 
since «, would depend on the level of income after the lump- 
sum tax, 

The second problem would be an equally serious difficulty. 
It would be in the interest of each person to pretend to be less 
productive than he is and then to take things easy. By pro- 
ducing less oneself one reduces total output by a relatively 


small amount, and under egality the impact on one’s net 
Income is minute. 


Hence with lump-sum taxes the distortion comes in not in 
the f 


orm of insufficient work effort given the tax system, but in 
that of giving wrong signals to the planners about one’s pro- 
ductive ability, thereby influencing the tax system itself in 
one’s favour. If person ¢ can convince the planners that he is 
worthless and capable of no greater effort, then the value of 
t; will be relatively smaller and he may be spared the necessity 
of exerting himself much. Such deliberate misinformation 
may bedevil the Lange-Lerner iterative procedure quite 


Severely. Given a personal-gain oriented approach, this barrier 
is not easy to cross, 


Work motivation 


Underlying all this is precisely the problem of work moti- 
vation with which Marx was concerned. Marx saw no escape 
from it in the early phase of socialism in which the society and 
the people are ‘economically, morally and intellectually, still 
stamped with the birthmarks of the old society from whose 
womb it emerges’, and conceived of an ultimate solution to 
this problem in ‘the all-round development of the individual’, 
‘after labour has become not only a means of life but life’s 
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prime want’.1? However, as we noted, he saw this only as a 
distant prospect. 

The Soviet wage system reveals a concentration on work 
rewards and incentive payments,*® which Marx had associated 
with the first phase of socialism. There are, of course, excep 
tions to this,!° but the big point of departure can be associated 
with the Chinese attempt at communized agriculture with a 
deliberate move to achieve now what Marx had foreseen for 
the distant future. The Chinese experience on this is worth 
investigating in the context of the conflicting claims of the 
works principle and the needs principle. 

During the so-called ‘Great Leap Forward’, which was 
launched in China in 1958, there was a strong move in the 
direction of non-material incentives, especially in agriculture. 
The proportion distributed according to work done was 
severely reduced, and the ‘supply portion’, which was distri- 
buted on some non-work criteria, including considerations of 
‘needs’, was correspondingly raised. Sometimes even 8) to 
90 per cent of the net product came to be distributed as the 
supply portion.?° 

In an economy like China there are several advantages in 
using & non-work basis of payments. First, as is well recognized 
in the literature on economic development, an important 
barrier to the utilization of surplus manpower is the wage 
system, which requires a prior supply of wage goods before 
underutilized labour can be mobilized.?? A non-wage system 
would reduce the need for a prior surplus of wage goods, and 
labour could be rewarded by the fruits of its own output after 
the production lag. The Chinese were embarking on a vast 
programme of labour mobilization which included a remark- 
able amount of physical movement and migration. 


17 Marx (1875), pp. 21-3. 

18 See Dobb (1951), Nove (1961), Wiles (1962), Bergson (1964), and 
Ellman (1971). 

19 \ system of free medical facilities, educational opportunities and 
social security, and subsidized housing and other services, does involve 
indirect use of the needs principle. 

20 See Hoffman (1964), (1967), and Riskin (1971). 

21 See Nurkse (1953), Robinson (1956), Sen (1964), and Marglin (1966). 
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Second, given the nature of the Chinese revolution and its 
predominant values, a system of ‘material incentives’ was 
Tegarded with considerable Suspicion, and the Soviet concen- 
tration on an incentive system of rewards was the subject of 


utilization of surplus manpower, the Chinese were poised for 
a Move towards reliance on ‘non-material incentives’, The 


use of non-material incent: 


ives is Tecognized to be one of the 
temarkable aspects of the 


Chinese economy. 


A 8ame-theoretic Presentation of the problem of work 
motivation 


The problem of incentives that had bothered Marx was 
undoubtedly relevant to the Chinese experiment. It is, in fact, 


from contrasting games like the ‘Prisoners’ Dilemma’?! with 
other games (like the ‘Assurance Game’) that differ from it 


*2 Cf. ‘But they [the communes] had been formed very hastily; the 
necessary psychological preparation had not everywhere been made, and 
Some extreme ideas, such as abolishing private plots and distributing food 
according to needs rather than on’ worl: points, proved to be far ahead of 
the times. During the bad years reorganization took place and the extremist 
policies were abandoned.’ (Joan Robinson 1969, Pp. 35.) 

2° Riskin (1971). 24 See Luce and Raiffa (1958). 

25 See Sen (1967), (1969a). 
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in some essential respects. While it is a trifle pompous to 
brandish little ‘games’ in analysing homely situations, I think 
there are substantial advantages in putting the analytical con- 
trasts sharply to catch the precise motivational differences. 

Suppose that a typical member of a cooperative considers 
two alternatives, viz., to work hard (J,) and not to work hard 
(Io). He may make two assumptions about others in the co- 
operative, viz., that they will work hard (2,) or that they will 
not (2). Consider a system in which people are paid according 
to needs (and not work), whereas their main concern is with 
their own welfare. A typical ranking of alternatives may then 
take the form (in decreasing order of preference): [).R,, J; Ry, 
I,)Ro, 1,Ro. By working hard oneself one adds very little to 
one’s income since the principle of distribution is not work 
but needs, but there is still the hardship of toil. So given the 
actions of others, everyone may prefer not to work hard, i.e., 
prefer I, to J,, no matter whether the others do Ry or R;. But 
at the same time they may each prefer everyone working hard 
to no one working hard, since the latter may be disastrous for 
all. In such a situation, however, guided by rational calculus 
everyone ends up not working hard, i.e., doing I>, which is a 
strictly dominant strategy. But each would have preferred 
that all had worked harder. Individual rational calculations 
would seem to lead all to disaster. 

This game—the Prisoners’ Dilemma—has been melt used 
in recent years to explain the rationale of an enforceable 
collusive solution in such fields as taxation, collective savings, 
ete.2° However, since a collective contract with provision for 
enforcement may be extremely difficult to devise for labour 
efforts, the lesson to be drawn here has to be different. Work 
supervision to ensure adherence to a ‘sincere effort’ contract 
involves many problems, 27 and this is precisely where an 


26 See Baumol (1952), (1970), Sen (1961), (1967a), Marglin (1963), 
Ellman (1966). 

27 Work supervision of this kind may also bring out some of the most 
dislikeable features of ‘alienation'—a major source of Marxian concern— 
‘in the sense of labour “‘for somebody else’’, under the supervision and orders 
of somebody else’. (Mandel 1968, p. 680.) 
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incentive system of wages has an advantage.® The feasibility 
of using payments according to needs combined with vigor- 
Ous supervision of work done is profoundly doubtful. 

It is in this context that the question of cultural orientation 
of work motivation becomes crucially relevant, since the 
preference ordering in the Prisoners’ Dilemma reflects 2 
specific cultural pattern. Consider the following variation of 
the ranking of the alternatives: I, Ry, Ip R,, IpRo, 1, Ro. This 
produces a game (‘the Assurance Game’) in which each party 
would work hard (I 1) given the assurance that others would 
too (R,) but would prefer not to put in the effort (Io) if the 
others would not (Ro). The basic principle here is ‘reciprocity’, 
and this game can lead to an optimal solution in a situation 
of mutual confidence, If people’s preferences are more ‘socially 
conscious’ in the sense of actually preferring to do the right 
thing whether or not others do the same, e.g. ranking the 
alternatives as I,Ry, IR, I, Ro, IpRo, everyone would auto- 
matically do his ‘duty’ and the question of supervision or even 
of confidence would not arise. 

That the Prisoners’ Dilemma could disappear if people 
had different preferences is true but hardly interesting. What 
is, however, quite Significant is the fact that even if the people 
involved continued to have the same Prisoners’ Dilemma 
type preferences, but behaved as if their preferences were as 
in the Assurance Game (or better still as if they had the 
‘socially conscious’ preferences discussed above), they could 
be better off even in terms of their true preferences. This is pre- 
cisely where the question of cultural orientation comes in, and 
it may provide a social case for encouraging values that re- 
orient a person’s choices and actions even if his personal wel- 
fare functions remain unaltered. In a sense, this is a matter of 
morality, and there are of course many other spheres of life 
as well in whicha society throws up moral values that attempt 
to dissociate choice from individualistic rational calculus. 
Indeed this is a common phenomenon for ‘homely virtues’ like 


E tem of distri- 

28 There are, however, allocational problems for @ pure sys! istri 

bution according to work as well, on which see Ward (1958), Domar (1966), 
and Sen (1966). 
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-honesty, keeping promises, etc., but what is important to 
recognize here is the relevance of all this to the problem of work 
motivation and therefore to income distribution. 


Economic roots of the ‘cultural revolution’ 

This dichotomy between choices on the one hand and pre- 
ferences (and welfare) on the other has disturbing implications 
for the theory of ‘revealed preference’ and also has some 
bearing on theories of ‘moral behaviour’, neither of which I 
intend to pursue here.?? What is of relevance here is the rela- 
tion of all this to the conflict between the needs principle and 
the works principle, and in particular the light that this throws 
on the concentration on cultural reorientation that character- 
ized China shortly after the end of the leap forward which had 
included the problem-ridden departure from payment accord- 
ing to work. 

The economic roots of the Chinese ‘cultural revolution’ 
need careful attention. There were, of course, diverse forces 
involved in that movement, but certainly one strain in the 
discussion (and agitation) was closely related to the alternative 
principles of payment and to the question of work motivation. 
The official pronouncement on the subject explained that ‘the 
aim of the Great Proletarian Cultural Revolution is to revolu- 
tionize people’s ideology and as a consequence to achieve 
greater, faster, better and more economical results in all fields 
of work. . . . [it] is a powerful motive force for the develop- 
ment of social productive forces in our country’.°° Using words 
reminiscent of those with which Marx had taken the Gotha 
Programme to task for ignoring the problem of work incentives 
in the early stages of the socialist economy when it was ‘in 
every respect, economically, morally and intellectually, still 
stamped with the birthmarks of the old society (Marx 1875, 


20 [ have tried to pursue the latter question in my paper for the Bristol 


Conference on ‘Practical Reason’, Sen (1972). ; 5 
30 “The Decision of the Central Committee of the Chinese Communist 


Party Concerning the Great Proletarian Cultural Revolution,” adopted on 
g August 1966, reproduced in Robinson (1969), p- 95- This is the so-called 
‘gixteen Points’. 
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p. 21), the programme of ‘cultural revolution’ pleaded for ‘an 
education to develop morally, intellectually and physically 
and to become labourers with socialist consciousness and 
culture’ .32 

The question of dissociating choices from individualistic 
preferences and individual welfare seems to have been fairly 
central to the Chinese experiment on work motivation and the 
cultural revolution.°? The recurrent emphasis on acting ‘with- 
out calculation of loss or gain’ and the persistent attack on the 
pursuit of personal gains relate to this. It is a characteristic of 
the Prisoners’ Dilemma type situation that the consequence 
of everyone acting rationally according to his true preferences 
and individual welfare is an inferior social outcome for all, and 
acting in a morally dogmatic way (as if one’s preferences were 
different, whether or not they actually are so) can produce a 
superior outcome for all (even in terms of individual welfare 
functions, whether or not they take note of the welfare of 
others). 

This type of consideration seems to have characterized an 
aspect of the cultural revolution and links it up not only with 
the Chinese experiments on payment methods in the Leap 
Forward period and later, but also with the mainstream of the 
socialist debate on the works principle versus the needs 
principle, involving diverse authors from Marx (1875) to 
Lerner (1944). 

It is not my object here to assess the successes and failures 
of the Chinese experiment in trying to shift the emphasis of 
distribution policy from work to needs, What is important for 
our purpose is to place this experiment in the perspective of the 
chain of thought linking the Marxian analysis of socialist 
distribution on the one hand with the literature on optimal 
allocation and distribution on the other. This is of obvious 
relevance to the whole question of economic inequality in a 
socialist society, and the Chinese experiment crystallizes a, 
significant aspect of it. “ 


31 ‘The Sixteen Points’, in Robinson (1969), Pp. 93 
32 See Riskin (1971). . 
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Desert and productivity 

I should like to end the discussion with some remarks on the 
concept of desert itself. There are several alternative inter- 
pretations of desert that can be found in the economic litera- 
ture. The marginal productivity theory has sometimes been 
viewed as a theory of deserts. This is explicit in the writings of 
some, e.g., J. B. Clark (1902), but its implicit presence can be 
felt in many other discussions of income distribution.°° 

In contrast, Marx’s theory of exploitation provides an alter- 
native theory of desert, giving labour the right to the whole of 
the net produce. The normative aspect of Marx’s approach to 
the question has got somewhat overshadowed by debates on 
its descriptive features (e.g., the so-called ‘transformation 
problem’), but there is no doubt that Marx saw his theory of 
value partly as a theory of desert.°* This was not based on a 
denial that machinery can be productive—very much the 
contrary—but on the idea that labour in a direct plus ‘em- 
bodied’ form as ‘the ultimate source of all value’ deserves to 
enjoy the whole of the net output, and profits merely reflect a 
particular social arrangement of private ownership of means 
of production.°° 

The concept of ‘exploitation’ as developed by Joan Robin- 
son (1933) took departures from the competitive value of the 
marginal product as indications of exploitation and two kinds 
were distinguished, viz., (i) ‘monopolistic exploitation’, given 
by the difference between the marginal revenue product and 
the competitive value of the marginal product (reflecting 
monopolistic elements in the product market), and (ii) ‘monop- 
sonistic exploitation’, given by the difference between the 
wage rate and the marginal revenue product (reflecting 
monopsonistic elements in the labour market). The concept of 
desert here was a variant of the marginal productivity theory 


“To my astonishment I find that the arbitrari- 
ness of J. B, Clark's views on the deservingness of competitively deter- 
mined rewards is not universally recognized’ (Samuelson 1950a, p. 1577). 
34 See especially Part III of Capital, Volume I (Marx 1887). 
38 Marx did, however, treat ‘nature’ as an ultimate source of value as well 
(see Marx 1875, p. 17). 


33 Paul Samuelson notes: 


102 WORK, NEEDS, AND INEQUALITY 


and was presented within that framework of thought, which 
she did, of course, subsequently reject.26 


Sometimes desert has been viewed in terms of the appro- 
priate prices p ‘associated’ with an optimal programme. These 
are prices that would ‘sustain’ that programme in the sense 
that the people involved would on their own make the choices 
appropriate for that optimum if they did their gains-maxi- 
mizing calculations at those prices.°7 Such ‘associated’ prices 
need not always exist even when an optimum exists with 
Fespect to the objective function and the constraints, sad 
much depends on the nature of the economic assumptions 
made (e.g., whether there are increasing returns to scale, 
external economies, etc.), . f 

A special case of such an optimization exercise is sage 
achieving Pareto optimality. Given certain assumptions, ei 
set of prices emerging in a competitive equilibrium would do 
for this purpose.*® Since in the neo-classical framework the 
competitive price of factors of production would equal the 
respective marginal productivities, this could provide another 
approach to viewing marginal productivity as an interpre- 
tation of desert. However, since Pareto optimality is a very 
limited objective (see Chapter 1), the normative appeal of this 


approach may not be particularly great even within the neo- 
classical framework,99 


Productivity and ability 


A more full-blooded concept of desert than prices ‘associ- 
ated’ with an optimum is based on the notion of ‘ability’. 
Two distinctions between this idea and that of productivity 
must be noted. First, the productivity idea relates to all 
factors of production while the notion of ability relates essen- 
tially to labour. There are ‘fertile’ pieces of land but not ‘able’ 


98 Robinson (1956), (1960). 

°7 See Dorfman, Samuelson and Solow (1958), Arrow and Hurwiez 
(1960), and Malinvaud (1967). 

°° See Debreu (1959) and Arrow and Hahn (1972 
informal presentation, see Koopmans (1957). 

39 See Meade (1965). 


). For an illuminating 
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pieces, nor do we run into ‘able’ machines. Thus the frame- 
work of ability does not directly apply to the question of 
property incomes. Second, even within labour, productivity 
can be distinguished from ability as such, since (i) oppor- 
tunities for the use of one’s abilities may not arise in a par- 
ticular situation, and (ii) ‘innate abilities’ may be distinguished 
from derived competence reflecting education, training, and 
opportunities of learning. 

It is this last distinction that has come much into focus in 
the context of the recent emphasis on ‘equality of oppor- 
tunities’, which is in fact a desert-based concept. While educa- 
tional expansion in modern Western societies has often been 
put forward as evidence of growing equality of opportunities, 
serious doubts about the achievements in this field have been 
raised in a number of studies.*° It is not my intention here to 
go into the empirical correctness of the thesis, but to see this 
approach as falling within the corpus of desert-based norma- 
tive theories. 

A distinction between a system of rewards according to 
ability and that related to ‘associated prices’ with an optimum 
programme is also worth noting here. Natural talents are one 
thing to which the question of incentives is irrelevant, since 
-people cannot set their natural talents aside in response to a 
price cut. Given an inflexible supply of talents, there will not 
be a unique ‘optimal’ price associated with it, since the same 
supply of talents will obtain at different rates of reward.*? 

It is difficult to justify rewarding talents on grounds of 
efficiency. We find here two alternative concepts of desert 
locked in combat with each other. One demands—on grounds 
of ‘merit’—a higher reward for natural ability and does not 


40 See, in particular, O.B.C.D. (1971) and Bowles (1972). See also 
Klappholz (1972). : 

41 In the short run the inflexibility assumption is clearly appropriate. 
In the long run variations of the population size could be relevant, and it 
might be argued that there would be incentive effects if (i) a lower reward 
to talents were to reduce the propensity of the talented to procreate, and 
if (ii) talented parents had a greater than average probability of giving 
birth to talented children, While (ii) seems to be under much discussion 
today, the argument holds only if (i) is also correct, and there is, in fact, 
very little evidence for it. 
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accept the claims of acquired competence which reflects social 
arrangements. The other points towards rewarding acquired 
abilities—on grounds of ‘incentives’—but provides no case for 
rewarding natural talents. Both, of course, conflict with the 
notion of needs. 


Desert and needs 

In this book my emphasis has been primarily on needs, and 
the analytical framework presented here is biassed in that 
direction. There are a number of reasons for this. First, as we 
have just now seen, there are alternative interpretations of 
the concept of desert and they can conflict sharply. There 
seems to be more unity in interpreting the concept of needs. 

Second—and here I reveal my bias—it seems to me arguable 


that needs should have priority over desert as a basis for 
‘distributional’ judgements as such, to which the concept of 
‘inequality’ belongs. Of course, as argued earlier, inequality 
evaluation involves non-compulsive judgements, but within that 
sphere none of the conceptions of desert seem more appropriate. 

(1) Taking up first the incentive-oriented interpretation of 
desert, a system of incentives would appear to be a means to 
an end rather than an end in itself, whereas the fulfilment of 
needs would be usually taken to be a good thing in itself. If an 
incentive-oriented unequal distribution—unrelated to needs 
__is defended, it seems reasonable to describe it as something 
defended on ‘non-distributional’ grounds, e.g., the total size 
of income. If, on the other hand, relative needs are manifestly 
different and an unequal distribution corresponding to differ- 
ences in identified needs is recommended, the defence of this 
position would seem to be on ‘distributional’ grounds 
themselves. 

(2) Coming now to the merit oriented system of desert, givin, 
more income to the naturally talented people does, eee 
amount to giving less to those without talents. The latter oe 
cludes the Thalidomide babies of today who will be adults 
tomorrow, the old and the infirm stripped of their talents b 
the natural process of aging, and—of course—the pehetican, 
defective. A system based on needs would seem to jas 


a 
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greater use for the complex idea that we call humanity. Even 
for limited application of the merit principle—giving more 
than the ‘norm’ to the specially meritorious but not less than 
the ‘norm’ to the demented—it can be argued that the measure 
of merit is culture-specific. While many of us may be content 
to live in a society which values the ability to lecture more 
than it values, say, the ability to make loud, shrill noises by 
blowing sharply through one’s nose, we might be perfectly 
able to give long lectures about possible societies in which the 
latter quality would be the more desired virtue. Merit is a bit 
of an accident not only in its origin, but also in its being 
treated as merit. 

(3) The Marxian principle of desert based on the value of 
labour has been a powerful mover of mankind in providing a 
focus of attention on inequalities arising from class differences 
in the ownership of means of production, but—as we saw— 
Marx himself regarded this right to the ‘fruits’ of labour as a 
‘bourgeois right’ to be supplanted by the principle uf needs 
when the opportunity arose, As a critique of property incoma, 
this notion of labour ‘getting its value’ has an obvious appeal, 
but it is difficult to defend it as a ‘principle’ against that of 
distribution according to needs, if feasible. And the question 
of feasibility takes us back to incentives, cultural values, and 
the question of tolerating inequality on ‘non-distributional’ 
grounds; these questions have been discussed earlier in this 
chapter. 

(4) It is not easy to interpret the neo-classical marginal 
productivity theory as a normative theory, as was pointed 
out earlier, and if it does have a place it is a part of an incentive 
system corresponding to prices associated with an optimal 
programme. But even in the neo-classical model the only opti- 
mality such ‘competitive prices’ guarantee is merely Pareto 
optimality, which is in itself a very limited goal. Furthermore, 
as shown earlier, the presence of ‘rent’ elements in the high 
payments to the talented, productive people also makes the 


incentive problem less straightforward. 
It is with this general outlook that I have concentrated in 


this work on analysing the evaluation of inequality mainly 


106 WORK, NEEDS, AND INEQUALITY 


from the point of view of needs rather than that of desert. 
While relatively little help could be obtained from the main 
avenues of welfare economics—‘old’ and ‘new’—we have used 
a broad framework of interpersonal comparisons (formalized 
in &) and have analysed principles of evaluation and statisti- 
cal measures of inequality in that light. Because of the mixture 
of descriptive and normative considerations in the concept 
of inequality and the inherent incompleteness of that concept, 
inequality evaluation has been seen in terms of non-compul- 
sive, evaluative judgements expressed as quasi-orderings. The 
alternative approaches explored would all fall within this 
general framework, 
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Economic inequality is a complex notion and its 
measurement-involves a number of well-known 
difficulties. This book presents a systematic 
treatment of the conceptual framework as well as 
the practical problems of measurement of 
inequality. Alternative approaches are evaluated 
in terms of their philosophical assumptions, 
economic content, and statistical requirements. 
A number of new results are-presented, some of 
which are quite technical, but they are fully 
explained in non-technical terms. The book can 
thus be used not only by economic theorists and 
Statisticians, but also by general economists, and 
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